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ENGINEERING STATICS, 



STRENGTH AND STABILITY. 



1. Teqb treats of the strength of materials and the 
stability of stractures, used in EagineMing and Archi- 
tecture ; as frames, -wallB, roofB, arches, bridges, Ac., Ao. 

It is divided thus : 

Part I. The forces which axa to be resisted. 

Part H. The strength of cohesion, or the resistance of 
materials to breaking. 

Part in. The stability of position, or the reajstance 
of bodies and stractures to overturning. 

Part IV. The stability of &ioti(m, or the resistance of 
bodies to sli^g. 

PABT t 

2. The forces which are to be resisted are the forces 
which tend to produce motion and so to destroy equilib- 
raum. These may be statical or dynamical 
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engdjeerinq statios. 

Statical Forcib. 

3. Tarn. 

Weight in lbs. 



Water 

Sand 

Common mould 

Sandy loam 

Claj 

GtBvelly aand - 

Gravelly clay 

Land gravel 

Water gravel 



Jjjmestone ...... iso, 

Gramile .-...-, 170, 
Gneisa ....... 155. 

Brick 90 to 135. 

Masonry of brick ..... 10a 

Masonry of aandstone ..... 130. 
Masonry of granite or limeetoue ... 145, 

Pine SOto 5i. 

Hemlock . . . . . 40 to 48. 

Oak 40 to 60. 

Cast iron ...... 450. 



A bar of iron one inch square and one yard long will 
weigh ten poimda ; one bushel of wheat sixty pounds ; 
one bushel of rye or com fifty-six pounds ; one bushel of 
oats thirtj--six pounds ; one barrel of flour one hundred 
and ninety-six pounds, net, or two hundred and twelve, 
gross; one barrel of hydraulic cement three hundred 
potinda ; of hay eight to twelve cubic yards make one ton 
gross; piled wood .66 of its solid weight; a crowd of 
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ENGlNEERISa STATICS. 5 

men -weiglia eeveiity ponnds per square foot of surface 
covered by them, each averaging one hundred and forty 
pounds and covering two square feet. An ordinary crowd 
weighs from fifty to sixty pounds per square foot. When 
so closely packed that they cannot move they weigh 
ninety pounds. A crowd of men is the greatest possible 
strain that can come upon a common road bridge. A 
drove of cattle weighs forty pounds per square foot of 
surface covered, or about half aa much as men. A dou- 
ble row of the heaviest loaded wagons, used on the road, 
with teams, weighs six hundred pounds per running foot, 
or about fifty pounds per square foot. 

A railroad freight train averages half a ton, gross, per 
running foot. A train of the heaviest locomotives, with 
lenders, weighs one ton, gross, per running foot. Empty 
£re%ht cars average fifteen thousand pounds each, and 
the load is about the same. Passenger cars weigh nine- 
teen thousand pounds. Baggage cars fourteen thousand 
pounds. Thirteen passengers, with their baggage, ave- 
rage one ton, gross. 

Roofs lOffigh as /(Mows : A frame truss averages 5.3 
pounds per square foot of ground plan. The roof, beams 
and plank five pounds per square foot of superficial sur- 
face ; slating five to nine pounds ; shinies one and a half 
to three pounds ; zinc one and a quarter to two pounds ; 
lead four to seven pounds ; copper one to one and a half 
pounds ; ceiling nine pounds ; tin five-eighths to one and 
a quarter pounds. 
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8 engineebing statics. 

Fluid Pbbssure. 

4. This equals the product of the surface pressed, mul- 
tiplied by the depth of its centre of gravity, and mulfdplied 
by the weight of the fluid per unit of measure. The centre 
of pressure is the point where a single pressure would 
exactly counterbalance all the pressures acting in a con- 
trary direction. On a vertical rectangular surface it is at 
one-third the height from the bottom. The pressure of 
the atmosphere is about fifteen pounds per square inch. 

Semi-fluids. 

5. This name is applied to loose earth, grain, shot, &c. 
A B C D is a cross section of a wall. B E is the natural 

slope which the earth would take if free. 
Let a equal the angle E B C which this 
line makes with the vertical, and ip the 
angle it makes with the horizon. There 
will be another line B F somewhere be- 
tween B E and B C, such that the trian- 
gular prism of earth, whose section is F B C, shall exer- 
cise the maximum thrust against the surface B C. Let x 
— angle C B F which this line makes with the vertical. 

We have now to find the weight and thrust of this 
prism. We will consider one foot in length of it. 

Let w = weight of a cubic foot of earth ; then the weight 
of one foot of the prism equals -^BO xOF xl x w ^ 
i B C X B C X ; tan. a; X Ml ^ ^ B 0= tan. a; X w. 

To find the horizontal thrust : Let G be its centre of 
gravity, G H = weight of prism, G I = the unknown Jiori- 
zontal thrust, and Wie resultant force acting on the sur- 
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ENGISEEHINQ BTATICS. 7 

face B F equal to G K. We shall then haye, horizontal 
thrust = GI - wt. X tan. HG K. 

Now wbeu a body is just about to slide on a surface, 
the angle which the direction of the force tending to pro- 
duce the motion, makes with the perpendicular to the 
surface, equals the angle of repose for that surface, i. e., 
=--<p. 

Therefore, drawing G L perpendicular to the surface B 
F, we have, K G L - ^^jandLGH =:EFC = {90°- a;) 
.-. HGK=LGH-IjGK= 90°- X- <p = 90°- 
(a; + ?»). _ 

Che horizontal thrust = weight of prism, multipHed by 
tan. HGK ^ wt. x tan. [90°- {x+<p)']. 

— wt. X cotan. {x+qi). 

— aB C' X w! X tan. a; x cot. {x+<p). 

This is-a maximum when the factors containing x are a 
maximiun. Now tan. x x cot. {x +ip) = 

sin. (2 a:+ g ') — sin. <} >_■, 2 sin, cp 

sin. (20; + ?') + sin. <p sin. (Sic + y;) +sin. <p. 

This is a masimum when sin, (2 x+ <p)\s & maximum, 

(i. e. - 1 and then 2a;+9> = 90, or a; ^^{m — f) =!«); 

. L e., the line B F bisects the angle a, which the natural 

slope of the earth makes with the vertical. 

Cot. {x+^)^ cot. (90-^ - ^a) = tan. h a. 
Then the maximum horizontal thrust — \ B'C' X «) x 
tan. \a X tan. i « — i BC' ^ > t^^-' ^ a x w. 

The pressure of a perfect fluid would be = B C x 1 x 
4 BJ3 x wt. of fluid . = ^ BC' x wt. of fluid. 

Consequently the pressure of a semi-fluid, as earth, Ao,, 
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8 lalGDJBEBniG STATKB. 

against a. surface, equaJa tiie jn-essnre of a fluid whose 
weight equals the weight of the semi-fluid, multiphed by 
the square of the tan. of ^ the angle which the natural 
slope of the earth mates with the vertieaL This force 
acts horizontally against the back of the wall at the centre 
of pressure, i. e. \ the height from the bottom. It is, there- 
fore, equivalent to J- bc' x (tan. ^ a)' x w; acting 
against the top of the walL 

If earth be exposed to saturation with water, it will act 
like a fluid of its actual weight, i. e. one and a half to two 
times that of water. The thrust may be resisted not only 
by a. wall, but by timbers, or piling, or struts, &c. ; and 
hence needs to be calculated independently. 

■When the earth is higher than the top of the wall, we 
may tise its entire height in the formida for the pressure, 
when the height is not greater than twice the height of 
the wall. 



MATBMAL. 


MatDMt 
slops of 


^t^^. 


Weif ht of 


Wt. of cubic ft. 




30" 
43 
54 
65 
S0» 


.577 
.435 

!316 
.364 


94 
94 
106 
125 
81 


31 

18 
11 

12.5 


Common ciij earth 

Common moist attrHi. . . 

Very compact earth 

Loose broken stone .... 



Heat. 

6. For 1° Fah. wroi^ht iron expands T Dolnait o^ its 

length, and cast iron maaaao ' "^^^ ^ force equal to about 

15,000 pounds per square inch of cross section, or ffbm 

sis'tonine tons. 
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ENGDJEEEINQ STATICS. V 

Freezing of Water. 

7. The force of this is very great. It has burst a bomb- 
shell -which could resist a pressure of 18,000 pounds per 
square inch. 

Aniiiud Force. 

8. The average force of a man drawing horizontally is 
seventy pounds, for a short time, and thrusting horizon- 
tally thirty pounds. A horse is equal to about six men, 
or about four hundred and twenty pounds at a dead pull. 
A nominal " horse-power " is raising 33,000 pounds one 
foot high in one minute, which is equivalent to raising 
one hundred and fifty pounds, at the rate of two and a 
half miles per hour ; eight hours of such labor is a day's 
work. 

Dynamical Foeces. 
Solids in Motion. 

9. The effects of weights passing over surfaces at high 
speed are greater than at rest. The most important case 
is that of railroad trains passii^ over iron bridges. It is 
greatest when the bridge is short and therefore light. 
The dynamical deflection produced by a weight in motion 
varies as the square of the velocity, and inversely as the 
square of the length of the bridge. The extra stress is 
caused by the centrifi^al force. In an experiment upon 
a light model the dynamical deflection was double the 
statical depression ; this is in an extreme case. For a 
bridge twenty feet long the dynamical deflection maybe 
half more than the statical, while in a bridge fifty feet 
long St fifty miles per hour it was only one-quarter more. 
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10 ENOnlEEBIHQ STATICS. 

The quautdtf of motion in a bodj is the product of its 
masa by its Telocity = m v. 

This is often called its TtiOTnentum. 

The living force or " via viva" of a body equals its masB 
X by the square of its velocity. = m v\ Some call it 
" living power," and half of this product "living force." 

The work done by a moving body equals its mass or 
force miiltiplied into the distance through which the body 
moves, or force acts. 

The product of a weight in pounds, multiplied by the 
distance in feet through which it falls, gives its work in 
"/oot-jmtnds." Other forces are expressed similarly. The 
accumulated work in a body is also called its "potential 
energy." 

The " moment of inertia " equals 2. r*. m. (See Jack- 
Bou's Dynamics, Art, 45). 



10. Impact cannot be compared with pressure, L e<, tiie 
force with which a moving body strikes another can not 
be theoretically expressed in the units of the weight of 
the moving body. 

The effects of an impact and a pressure may however 
be compared in certain cases. By recent experiments 
one pound falling one foot, produced a pressure on a 
Bpring balance of nineteen pounda Hence was discov- 
ered this general formula for the effect of a falling weight, 
viz.; W (1 + 2i X i;) = W (1+ 18-/ A). c.y. one thousand 
pounds falling nine feet produces a pressure = 1,000 
(1 + 18 V 9) = 65,000. 
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ENQINBEBING STATICS. 11 

This result might vary with every different spring used. 
The impact ot iforce of ice in motion is greater in appear- 
ance than in reality. 

Fik DriviTig. 

11. In pile driying, letting w'= weight of ram, andw* = 

weight of pile, Ti = he^ht of fall, v = velocity of ram 

when it stnkes the pile. Then u = common velocity of 

ram and pile after fall = — ; — -> Thnr " via viva" = 

w + w' , _ v }+ to' f W V \' _ tg* v' 

9 ^^- (, ^V.w + v// ~ g{w + w') 

The " potential energy " of the ram and pile, or the 

work which this " vis viva" is capable of, equEds half of it 



l-\-u_ 

to the f Edl ; 2d. That for different falls and weights, snch 
^that w h remains the same, the effect wiU be greater the 
heavier the ram with a corresiwnding smaller fall ©. gJ, 
letting «i = 2 tons, vf = ^ ton, A = 10 feet, the effect, = 

20 
TTi ~ 17.7777 +. Let w = 1 ton, wy = i ton, A = 

2 
20 feet, effect =_— — _ ig 

For the resistance whi<^ the frictitHi of ground opposes 
to the sinking of,a pile under a weight, see Part lY. 
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Water in motion, or Wavea. 

12. The greatest force observed in the Atlantic, on the 
west coast of Scotland, was. sis thousand pounds per 
square foot. The average pressure was in summer six 
hundred pounds, and in winter two thousand pounds. 

Air in motion, or Wind. 

13, Experiments give the pressure in pounds, on a 
plane surface perpendicular to the wind, as, =: , ,0028 A, v.' 
= a little more than -^^ x A.v.' v being velocity of wind 
in feet, per second, and A the area of surface in square 
feet. If u = velocity in miles per hour then pressure = 
.0049 A. V.'. 



THE WIND. 


Vfllooity in 
ft. per seeU 


Velocity in 
mlB per hoar 


PreBsute ia 
lbs. per aq. ft 




20 
40 
BO 
80 
100 
120 
150 


13 

26 
40 
64 

80 
103 


0.95 
4.00 
8.00 
16.00 
24.00 
32.00 
55.00 


Higiwind 








Greatest hurrioane 



It is safe in temperate climates to take forty pounds 
per square foot as the greatest force to be guarded against. 
Some take thirty pounds. 

The force operates horizontally, and its resultant passes 
through the centre of gravity of the surface. The pres- 
sure against a cylinder is from two-thirds to one-half the 
force corresponding to its diametrical section. 

The effect of air in motion against a body : the resist- 
ance experienced by the body moving through the air 
with the same velocity . : : 1.4 : 1 . 
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PART n. 

Strehgth of Cohesion, ob the resistance of Materiai* 

TO Paehng. 

Preliminary Prijiciple'i. 

14. Si/ress is the force which acts upon a bodj. Its in- 
tensity is usually expressed as so many pounds per square 
inch. In French measures as kilogrammes per square 
millimetre, which equals 1,422 pounds per square inch. 

The eflfeet of a stjress upon a body is its Strain, i. e., its 
alteration of volume and figure. When the atrain iB so 
great aa to separate a solid body into parts, this consti- 
tutes its /raciwre. 

Bodies reast stress by their elasticity, which is the 
property they possess of resisting any change in their 
form or volume. They may be r^arded as composed of 
molecules which attract and repel each other with forces 
which in the normal state of the body are equal. Conse- 
quently every efi'ort to separate these molecules calls into 
playan attractive reaction, and every effort to press them 
together calls forth a repulsive reaction which is propor- 
tional to the stress. 

Within certain limits the eloi^tions, or contractions, 
produced by any force, are nearly proportional to those 
forces ; beyond those limits proportionality ceases, and 
die elongations and contractions increase more rapidly 
than the forces which produce them. This limiting point is 
called the limit of elasticity. Within the limits of pro- 
portionality, when the force ceases acting, the effect also 
ceases and the body returns to its ori^nal shape and 
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dimenaiona, or nearly so. Beyond those limits it does 
not so return, but remains pCTmanently elongated, con- 
tracted or bent. 

It is then said to have its elasticity impaired or injured, 
or to have taken a " set." A long continued stress pro- 
duces much more effect in impairing the elasticity of 
bodies than does a much greater force appHed for a short 
time. 

A body should never be subjected to an effort capable 
of seriously injuring its elasticity, for that ia an approach 
toward fracture. The allo-wable strain should be very 
much less than this, on account of 'accidental forces and 
chemical chaises to which a body is exposed. Usually 
the stress intentionally applied to a body is from one-third 
to one-quarter of that which would cause fracture, or one- 
half of that which corresponds to its limits of elasticity. 

The following are the corresponding stress, strains and 
modes of fracture : 



— 


SXSUM. 


rBACTtlBB. 


FuU 




Tearing. 
CruBhmg. 
Wrencbing. 




Thmat . 

Bending 

TwiBtmg 









A pvU is a longitudinal stress which tends to lengthen 
a body. 

A thrust is a longitudinal stress which tends to shorten 
a body. Usually a pull has a positive algebraical sign 
and a thrust a negative. 
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ENQIKEBalNa STATICS. 16 

The other stresses are more or less transverse, and tend 
to distort the body. 
For sheEbring stress see Art. 30. 
For bendii^ atrees see Art. 36. 
For twisting stress see Art 84. 

BESmXANCE OF BODIES TO EXTENBION. 

General Principles. 

15. The resistance of bodies to extension is sometimes 

called their tensile, their direct, their absolute or their 

positive strength. 

Let a prismatio body of a length I, and a cross section 
A, be subjected to a stress or pull P. It is elongated by 

a length S I. Let the ratio -=- equal i, and be constant 
within certain limits. Within those limits i is propor- 



A ' Ai 

tity. It is called the coefficient or modulus of elasticity, 

atil 
Ai 

the cross sectioD o the body to be equal to the unit of 
surface, usually a square inch, and suppose it is possible 
for the elongation to become equal to the unit of length 
without injury to the elasticity, the body thus continuing 
to elongate in a constant ratio, we should have At = \, 

mxceAi=A x^=x Xy — !■ . and/'= £ would then 
be the stress per unit of surface, capable of producing per 
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16 ENQTOEERISQ 9TATIC8. 

-oliit of length, an elongation equal to that of the length. 
This may be taken as a definition for " inodulua cf das- 
tidty." 

Thus if 20,000 pounds elongated a bar of wrou^t iron, 
whose section is the unit of surface, -j-fVir ^ *** length, 
then for this iron jE" = 20,000 x 1,500 = -30,000,000 

t. 

Experiments then on any material will give E for the 
unit of cross section. Knowing this we can calculate for 
a prismatic body of a given cross section A, the stress 
which will produce a given elongation, or the elongation 
which a given stress will produce, since the resistance of 
bodies to extension is directly proportional to their cross 
section, i. e., their section at right angles to the direction 
of the stress. Such experiments are best represented 
graphically, by constructing a curve of which the ordinate 
are tiie forces applied, and the elongations the abscissas. 
figure 2 refers to a bar of iron elongated by successive 
'^' weights. Prom the inclinations of the 

curve at various successive points we 
can infer the laws of the action of 
the strain ; whether it be uniform or 
varied, increasing or decreasing, &c. 
The total resistance of a body to 
elongation is equal to the work done in producing that 
elongation, and equal to the snm of the products of the 
stresses exerted, multiplied by the elongations produced 
by ihem. 

The area ^ B C x A B, of the trifuigl6 A B C, is formed 
by the abscissa and ordinate, and the fiiat straight line 
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ENQINEERIKG STATICS. 17 

portion of the curve ; therefore expresses the work done 
hy the stress applied. The mean stress up to that point 
oi strain — -^BO x AB^AB — -1^60 = ^ final stress. 

So to, the quadratui'o or aa'ca of tlio ciuTe, np to any 
point, gives the work done in producing the elongation 
corresponding to that point. Thus the quadi'ature up to 
the so called Hmit of elasticity', gives the work developed 
up to that point, by the elasticity of the body. 

It is called The Living Sesistance of Elasticity, and it is 
wiitton Tff. 

The quadrature, np to the poiat of rupture, gives the 
work done in producing rupture. It is called The Living 
Resistance of Mwpiure, and is written Tr. 

To resist with safety a very sudden puU a bar or rod 
requires twice the strength that is necessaiy to resist the 
gradual apphcation and steady action of the same puH, 

For the work done by a constant force ^ P, acting 
through a given space, equals the work done by the action 
through the same space of a force increasing uniformly 
from to P. 

Special Materials. 
WrovgM Iron. 
16. The following table shows the relative weights and 
elongations of a rod of good wrought iron ; 
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Iioad per square isob in 


Elongation per unit oi 


Permanent elonga- 


length. 


tion per tmit of length. 


5.300 


.00018 


.000000 


12,300 


.00047 


.000004 


21,300 


.00076 


.000010 


26,700 


.00101 


.ti00083 


29,900 


.00128 


.000263 


32,000 


.00229 


,001130 


34.000 


.00429 


.003071 


40,009 


.01049 


.009102 


50,700 


.03493 


.03280 


62,300 


Bnpture. 


Rapture. 



Eepreseutdng this table by a carve, ae in Fig. 2, we 
infer : 

1st. Since the first portion of A is a straight line, the 
ratio of elongation to the load is so far constant. It con- 
tinues so up to a stress of about 17,000 pomids per square 
inch. 

2d. For a stress greater than this the line tends to- 
wards the axis of abscissas. This shows that the elon- 
gations are increasing faster than the loads. 

The point where this chaise takes place is called " the 
limit of elasticity." 

3d. Beyond the stress of about 30,000 pounds, we have 
nearly a straight line again, but much more inclined to- 
ward the axis of abscissas. This shows that the elonga- 
tions have again become proportional to the loads, bnt 
have a much greater ratio to ttem than at first, showii^ 
that the elasticity of the material is injured. The perm- 
anent elongations follow similar laws, they are very small 
up to a pull of 21,000 pounds, being then only .00001, but 
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then increase very rapidly, mach more so than the tempo- 
rary elongations. 

In comparing different irons we find that the weights 
which alter the elasticity of soft bars do not do so for soft 
wire ; also, that this wire breaks with a greater load but 
less elongation ; that hard wire breaks with somewhat 
more weight than the soft, but with much leas elongation, 
and that it gives way suddenly 'and without warning ; we 
also find that the hard iron has much more Te than the 
soft iron, i. e., that greater stresses may be appUed before 
the hmit of elasticity is reached ; but soft iron has much 
more % than the hard iron, i. e., much more work must 
be done to break them ; therefore they should be chosen 
for exposure to sudden shocks. 

Example. In soft iron, it the limit of elasticity be 22,800 
pounds, and the elongation be .00086, we have Te = -^ x 
22,800 X .00086 = 9.8 pounds per foot-of length. 

Suppose a bar be twenty feet long and one inch square, 
its Te - 20 X 9.8 = 196 foot pounds. Now if a body fV 
falls from a height h the work of that body — ^mv' = ^ 

™ ^ v" c= Wh. Suppose the body to be suspended from 

9 

the bar, this work is to be destroyed by the Livii^ Elas- 
ticity Te, which is here one hundred and ninety-six pounds, 
which amount must not be exceeded. It would be equal 
to the work of a body of ten pounds falling 19.6 feet. Be- 
yond that the elasticity would be altered. The total quad- 
rature Ti = 6,400. Then the above bar would be broken 
by one hundred pounds faUiog from a height equal to ^ 

X VA" X 20 X 1 = 640 feet. 
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In like manner soft annealed wire givea Tj = 9.4 and 
Tr = 710. For hard unaimealed wire T^ = 8.3 and Tr 
= 970. These are for one inch square. Very extensible 
matmals resist shocks much better than rigid ones. The 
strei^th of wrought iron varies greatly with its chemical 
composition, mode of manufacturing, size of bar, &o. 





Wroi^httem^ 
to proii^ the 


.„«.™ 


.■Set" 

Mrtinm 


•'Bet- 
wrt. iron 


..». 


OoSt iron 


Wrt. in* 


512 
2,486 
4.4SO 
5,600 
6,720 
8,860 
12,330 
13,216 


1,254 
5,600 
10,080 
12.544 
15,142 
20,160 
26,970 
29.380 
33,600 


.00004 
.0002 
.0003S 
.00042 
.00052 
.00072 
.00107 
.00121 


same 
.0023 




.00001 
.000026 
.000036 
.000047 
.000075 
.000124 
.000160 





.0000049 
.000006 
.0000075 
.0000225 
.0001166 
.0003583 
.001 


' i'ris' 

1:17 
1:16 
1:30 
1:94 



Eelative tensile forces to produce equal eloi^ations in 
wroi^ht and cast iron is two and one-quarter to one. 
"Witbii the above limits, for equal elongations, the " sei " 
of wrought iron is lesa up to strains of 12,000 pounds for 
cast and 27,000 for wroi^t iron, which produce equal 
elongationB. Beyond that the " set " tor wrought iron is 
much the greater. 

For a stress of about two-thirds rupturing stress of 
each, (e. g. a stress of five tons for cast and fifteen tons 
for wrought iron,) the elongation for the wrought iron is 
two and a-half tines that of cast iron, and its "set" ten 
times that of cast iron, e. g.: 
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J raptnr- 
ingwt.= 


^«^-.o^ 


^. 




Eodoof 

set to 
elonga- 


Cast 


Wro't. 


Batio. 


Cast. 


Wro't 




11.130 
33,600 


.00095 


.0023 


1:2* 


.00011 


!66ii 


1:10 


1:9 
13 



Wrought iron ia also affected by temperature. Its 
strength increases up to 300° Fah., ajid then decreases, 
being only about half as strong at 1000° as at 300°. 

Ca^t Iron. 

17. The resistance of cast iron to breaking by extension 
is much less than that of wrought iron, but follows simi- 
lar laws. 

Other Mdale. 

18. For " Table of Eesiatance to Extension" see follow- 
ing table : 
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TaBUI of BBaffiTAHOE 10 EXTEKSIOH. 



METAL. 


Stress in 
lbs, per sq, 
in, corres- 
ponding to 
limit of 
elaaticitj'. 


Elonga- 
tions at 
Umit of 
elastic'y. 


E = coeffi 


R=^ stress in lbs, per sq 
inch caosiug rupture. 


elasticity. 


Extreme. 


Safe means 
for sound 
material. 


Iron. 
Bars , 

Boilerplate., 
Annealed "irire 

Steel 

Copper. 


17,000 

26,000 

20.000 

j 36,000 

1 94,000 


1 IrSOO 
■j 1:200 

1:1250 
j 1:830 
} 1:450 

1:1300 
1:740 

1:1600 

1:500 
1:1800 


29,000,000 

25,000,000 
29,000,000 
42,000,000 

iXoob'ooo 

9,000,000 
14,000,000 

10.000,000 
4,500,000 
13.600,000 

700,000 
1,000,000 

700,000 
14.000.000 
23,(jOO,000 


36,0001 
85,000 ( 
16,000 i 
56,000 j 
•70,000 1 
130,000 1 
70,000 1 
130,000 f 

■ i3.m\ 

29,000 f 

73,000 1 
89,600 f 


48,000 
51.000 

90,000 

19,000 
36,000 
30,000 
60,000 

18,000 
49,000 

36,000 
4,600 
7,500 

1,100 
"3,'300 
16,500 


Bolt 

Sheet 

Wire 

Brasa. 


7,000 
19,000 

6,000 

1,400 
570 

14,000 


Wire 

Bronze or gun 

metal 

Tin (oast) . . . 
Zino 

■Lead, 


Wire 

Sheet 

Cast iron .... 
Coming'B 



* Small Tirea ua mnoh stronger per sqnare inch than la^er ones. 
For vire 20 feet to apotind, strength = 1,300 pounds = 90,000 pounds 
per square inoh. Wire one-eighui in diameter breaks at 1,600 pounds 
= 130,000 pounds per square inch. 
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The safe stress for extension of metals is from one-sixth 
to one-third of that eauaing rupture, depending upon 
their exposure to shocks, weather, &c. Some recommend 
taking half the stress corresponding to the Hmit of elas- 
ticity. These two methods do not vary much in their 
results. When they do adopt the safer one. 

Pure cobalt is- the most ductible and tenacious of 
metals, a wire of it is twice as strong as an iron wire. 
Copper (rolled) is weakened by heat above the freezing 
point. Aluminum has tenacity of 18,600 pounds, and 
hence is between zinc and copper. 

An alloy of ninety parts coppet and ten aluminum has 
a tenacity of 80,000 pounds, hence between soft iron and 
Bteel. 

Captain Heios, at the capitol, allowed for greatest safe 
strain for iron as follows : For important parts, cast iron 
1,800, and wrought iron 8,000. For secondary parts, cast 
iron 3,000, and wrought 9,500. .From 8,000 to 10,000 is 
usually allowed for wrought iron in bridges. 

Length of l>ars which wottld break of tlidr own weight : 
Steel iO,000' ; wro\^ht iron 18,000' ; cast iron 5,000' ; 
rolled copper 9,000' ; lead 36Q' ; cast copper 5,000'. 

Besistwace of Wood to Extenaiim. 
19, This, as for metals, is proportional to the cross- 
section of the pieces. In wood even more than in metals 
there is strictly no limit of elasticity, but any load pro- 
duces a permanent elongation, but in dry woods very 
much lees than in wet woods. 
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Kho> of Woob. 


Hoitj, 


at Umit of 
elastici^. 


E^modTiliie 
oi coefficient 
of elasdci^. 


B— -stress 
OKiisii^ rap- 
(we. 




1,800 
2,300 

'im 

2,500 

3,850 
4,500 
3,100 


1:865 
1:570 

1:414 

1:530 

ItSOO 
1:170 
1£S0 


1,600,000 
1,300,000 

1.600,000 
1,100,000 
1,360,000 
900,0001 
1,300,000 { 

1,700,000 
3,100,000 
3,610.000 


17,000 
U,000 
15,000 
11,000 
14,000 
10,000 
16,000 
10,0001 
16,000 f 
,13.000 

10,000 


Beech 

Birch 

Cheatont 


Larch. 

Locviat 


Bed pine 

TeUowAWhita 





One-fifth to one-tenth of B is considered a safe load, 
depending on importance, eiposnre, &c. When exposed 
to running loads, as in bridges, one-twelfth is better ; saj 
for white pine, eight htmdred pounds per square inch. 
The above numbers are forsonnd timber, free from knots 
and other detects. The strengUi of the same species of 
wood varies greatly accordii^ to the locality of the tree, 
nature of the soil, part of the tree, age of tree, its season- 
ing, &e. 

The strength of wood, as given from the above table, 
supposes it to be pulled in the direction of its fibres or 
with the grain. At r^ht aisles to this its strength is 
DUich less. In stra^ht grained woods like pine, this last 
strength is only from one-sixteenth .to one-twentieth of 
the former. In tough and crooked woods it is from one- 
seventh to one-tenth. Care must be taken when calcu- 
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lating the strength of wood to resist extension, to allow 
for the parta -which must be cut away by notches, bolt- 
holes, &c., in order to make the connections. 



Other ]\ 

20. Stone is rarely exposed to a strain of extension, its 
resistance thereto ranges from two hundred to one thon- 
aand pounds per scpiare inch. The safe strain is one- 
tenth of that. 

Brick one hundred to three hundred pounds. Olass 
two thousand four hundred to two thousand nine hundred 
pounds. The poorest mortar resiste with only ten pounds 
per square inch. Good hydraulic mortar with from one 
hundred to two hundred pounds per square inch. Safe 
strain one-tenth in all cases. Adhesion to stone of good 
mortar, fifteen to thirty-three pounds. Plaster, thirty to 
forty-eight pounda Best Eosendale cement, forty pounds. 

Tabiie (Bakeihb) 



MiTBHIii. 


"E" 


"E" 




'i'oobiooo 

13,000,000 


280 to 300 

9,400 

10,000 to 13,000 

50 


QisBS 

Slate. . . „ 

Ordinary mortar 





Pabticdlab Forms. 

Sivded Iron Plates. 
21. The line of fracture of a riveted plate, is a line 
drawn on it crossing aQ the lines of strain in such a man- 
ner that the section of the plate along it shall b& a mini- 



byGoogle 



ENGINEEItINO STATICS. 



mum. The plate must break along this line, howeyer 
"zig-z£^" it may be. 

The strength of the riTets will be coneidered under 
" bearing stress." 



22. Their breaking weight averages four thousand five 
hundred pounds per pound weight per fathom, and the 
working load one-sixth of this. 

Taslx of Wibe Bope xAsvu^csn^nxji bt Jro A. BoEBiiHa, Tbbi!to», N.J. 
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Hempen Rapes. 

23. Breakup weight 5,500 to 12,000 pounds per equare 
inch of cross-section. Average of good rope 8,500 pounds. 
Safe strain one-half the breaking weight. 

Another Ride. 
Safe strain in pounds equals circumference in inches 
squared, x 200 = cross-section in inches x 2500. 

Another gives : Breakii^ weight equals one gross ton 
per pound we^t per fathom. 

Chain Cables. 

24. When the hnks are formed as in figure 3, their 
■^- 3- strength is nearly equal to the strength 

^ of the bars of which the links are form- 
PO ed, i. e., equal to twice the section of the 
single bar. Some U. S. experiments 
gave a mean value ot R = 41,000 pounds ; extremes = 
32,000 and 50,000. 

Tkin SoRow Cylinders. 

25. Let p = the interior pressure per square inch, d = 
diameter in inches, R = resistance to tearing per square 
inch, and t = thickness in indies. Then the equation 

for equiUbrium iB,pd = 2tB. Hence, ( = ^. 

For safe thickness we take (' = ^L^^ ; in which R' 

means safe strain per square inch. 

The pressure is often named as bo many " atmos- 
pheres," each atmosphere being fifteen pounds per square 
inch. 
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Let n = nmnber of atmospbereB of pressure above that 

„ 16TOCf 

" 2 5' ' 

For cast iron, taking H — 16,500 ponnds, the proof 
Btrain for water and gas pipes may be one-third of this, 
and the working strain one-sixth of it. In addition to the 
thickness necessary to resist internal pressure a constant 
thiokaess is added to resist external shocks. CaUing this 
additional thickness t" the formula for safe thickness be- 

The Paris rule is, for cast iron take B' = 3,100 potmds 
and (" = 0.333 inches. 

For wrought iron, Paris rule makes R' = 8,500 pounds 
and t" - 0.12 inches, or (' - 0.00086 nd + 0.12. 

A simpler f ormnla for cast iron is this ; (' =: 0.002 nd~\- 
.4 ; (all in inches). 

For water pipes of rolled copper, t' = .00147 nd -\- .16, 
(fdl in inches). 

For water pipes oi lead, f = .00242 » c; + -20, (all in 
inches). 

For water pipes of zinc, t' = .0062 n d + .16, (all in 
inches). 

For water pipes of wood, t' = .0323 nd + 1.08, (all in 
inches). 

For riveted plate iron (steam boilers) in the first gene- 
ral formula, R = 34,000 pounds. 

The proof tension may be one-half of this, and the work- 
ing tension one-eighth. For steam pipes the same ; i. e., 
B' = 4,250 and (' = 1^ + .12. 
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The French Government rule is, t' ^ .0018 nd + .12". 

This about corresponds to the above rule. 

The bursting strain on the longitudinal seams of cyMn- 
dric boUera, is double the strain on the circular seams. 
Tubes are also liable to give way by the pressure from 
■without, which makes them collapse. This is partly ex- 
tension, partly cru3hing, and partly bending. It is usual 
to make the thickness of tubes exposed to collapsing, 
double of what would be required if only exposed to 
pressure from within. 

Recent experiments show that the strength of such 
tubes varies directly as the square of the thickness, in- 
versely as the diamet&r, and inversely as the length. 

Mr. Fairbaien's rule, forthesafe pressure in pounds per 
square inch, on flues of wrought iron is : multiply the 
constant quantity 800,000 pounds, by the square of the 
thickness in inches, and divide by the length in feet, and 
by the diameter in inches. 

Thick Hollow Cylinders. 

26. In these the full strer^th of the material is not 
obtained, because the inner ring may give way before 
scarcely any strain conies on the outer part. This is im- 
portant in the case of hydraulic presses, cannons, &c 

FtoL Barlow's formula is ( = ^ , for bare 

2 X (ii - p) 
equilibrium. Only one-third of the bursting pressure 
should be used in presses. 

Spheres. 

27. The strength of a sphere to resist bursting ia pre- 
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cisely twice that of a cylinder of the same diameter. For 
cylinders we have pd =mi,.\p= — -j— . For spheres 

p=-r- 

A Sui^jensum Bod </ Uniform Strength. 

28. Let W = we^ht, suspended at lower end ; let w = 
weight of rod per unit of volume ; JR' safe strain ; x = 
lei^th of rod up to any desired point ; A = proper area 
or cross-section at the desired point. All the measure- 
ments must be in the same unit (say, incheB). Formtda 

A-^ '^ 
R ^ 
Here e is raised to a poirer whose numeration is w mul- 
tiplied by X, and whose denomenator is B', e = 2.71828, 
(the Kaperian base). 

Besistanoe to Sheabiko OB Dmmjsioy. 

29. Shearing, or tangential stress, is the force which 
acts between two parte of a body, when each draws the 
other sideways, in a direction parallel to their surface of 
contact. It is the stress which effects rivets, trenails, 
notches at the ends of tie-beams, &c. 

A. shearii^ stress also accompanies bending and torsion 
to be examined hereafter. Besistftnce to aheurii^ per 
square inch of east iron is 2i,000 to 42,CMX) pounds. 
Wrought iron 50,000 pounds. Safe, one-sixth of each. 
Chains for suspension bridges consist of long bars connec- 
ted by pairs of short bars or links with bolte or pins pass- 
ing through botii. 
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The best proporttona for economy should l^e such thai 
the bars and bolts vonld be eqtiaXIy strained, so that 
neither should giTO way before the other. This is a fun- 
damental principle in all combinations or parts of a struc- 
ture ; as in a chain all the linka should be equally strong, 
since the strengtli of the chain is only that of the weakest 
link. To break the bolt it must be sheared across at two 
places at once, tlien the double cross-section of the bolt 

of diameter (i = 2 xf-—-—^ x resistance to sheariii« 

per square inch, = cross-section of the bar, a x its resis- 
tance to tearing asnnder. Calling these resistances equal 

we have 2 x . , - = a. But these results are as 5:6. 
14 

Then, 2 x -—- : eross-section bar : : 6:5 .-. d = v'^^ 

SO. Bivet work for bribes, plate boilers, &c., should 
also be so proportioned that the section of the uncut part, 
multiplied by its resistance to tearing per unit of meas- 
ure, should equal the section of all the rivets, multiplied 
by their reeistauce to shearing. 

Assuming that ihe pirets recast shearing with about the 
same strength that wrought iron plates resist tearing, the 
sections of the rivets should about equal the sections of 
the iron between them. 

^ tbis oTsrlap plate joint, Biugle-riveted, the sectional 
area of one rivet should equfd the seeti(»ial area of the 
plate between the holes. 

The diameter of the rivet is usually one and a-half to 
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two times the tliickne^ of the plate, CaUing t = tliick- 
ness of the plate, d "= diameter of the rivet, I = the dis- 
tance between the holes ; we have I x t= -■ . The dis- 
14 

- (, and the dis- 
tance between their centres = i -r- ( 1 d. The 

overhip is about equal to the distance between their cen- 
tres. In the overlap plate joint, doable riveted, the sec- 
tional areas of two rivets equals the sectional area of the 
plate between each pair of holes in the same Une. 

The distance of centres = — -— -i- t + d. 

The overlap is about 1.7 of this. 

In a plate, butt joint, with two covering plates, single- 
riveted, the section of the rivets which give way by being 
sheared across in two i^iwes at once, is as in the preced- 
ing case. 

Distance oi centres the same = — =— -i- t + d. 

Length of each covering plate about twice this. 
In a plate, butt joint, double-riveted, section of four 
rivets must equal that of the plate between two holes in 

the same line. Distance of centres = ^ . -- -i- t + d. 
7 

Length of covering plate equals three and one-third to 
three and one-half times this. 

(On rivet work see Latham on wrought iron bribes, 
pp. 26-36.) 
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Wood. 
31. When a rafter is notched into a tie-beam, the end of 
the beam is liable to give way by shearing off or detru'- 
sion. 

Pig, 4. For greatest economy of material the 

_ resistance to thmst or compression on the 
_ Borface a b ef, Fig. 4, should just equal 
the resistance to shearing oiabcd. Call- 
ing the former resistance ten times the 
" latter, a d should be ten times a/. If 
the shoulder should be in the middle of the beam, as for 
a bolt-hole, there would be twice the resistance to detni- 



Bemtanoe to detrusion of Wood with the fibres. 

lbs. per eq. i 

White pine 490 

Ohio pine 390 

(Jeotgia piae 410 

Spruce 470 

Hemlock mi 

Ohestirat 690 

Oak 780 

Loonat 1,180 



Pine 400 to 800 

Sprnoe 800 

Larch 1,00 to 1,700 

BritiBhoftk :... 2,300 

Safe stress, one-qufoter to one-sisth of the above. 
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Resistasce to Compeession and Crushing. 

32. For small pressures, this reaietance equals the re- 
sistance of the same material to extension, and has the 
same ntunerical modulus of elasticity, which here means 
the weight, which continuing to act in the same ratio 
would Morten the body to one-half of its length. For 
greater pressures the resistance to compressioii is very 
irregular. It varies directly as the cross-section of the 
material IDifferent materials yield in different ways, 
(feauolar substances, like cast iron, stone, brick, Ac, give 
way by oblique shearing, at a certain angle with the di- 
rection of the crushing force, which angle in cast iron is 
from 30*^ to 4fP. Sometime a wedge-shaped piece or 
pyramid is forced out on two or four sides. Substances 
of a glassy texture give way by splitting irregularly. 
Toi^h and ductile substances, like wrought iron, yield 
by bulging or swelling out sideways. Fibrous substances, 
like wood, yield by buckling the fibres, wrinkling and 
splitting. 

When the material compressed is a certain number of 
times loiter than it is thick, it gives way by bending or 
cross-breakii^. The resistance varies inversely with the 
length (nearly). This case will be examined under Part 
IV. 

"When the centre of pressure upon a surface does not 
coincide with its centre of figure, the maximum pressure 
will exceed the mean pressure. Considering tlie pressure 
to be a uniformly Tarying stress, the ratio of maximum 
to Tninimnm pressure equals 1 + 6 c to 1, in which b = 
distance of centre of pressure from centre of figure, and 
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c = a quantity depending on the form of ft section of the 
body at right angles to the direction of the force. 

For a square of side h or rectar^le of thickness A, in a 

direction perpendicnlar to the central line, <3 = r- 
For a circle of diameter h, c = - . 

When the pressure is at one-third A from the edge, or 
one-sixth h from the centre, then the ratio is {1 + ^ A X 

- J : 1 : : 2:1, i. e., the maximum pressure equals twice 

the mean pressure. If the pressure be at ^h from the 
edge, or 4- A from the centre, the ratio equals (1 4- J A. x 

- J : 1 : ; 3:1. The pressure = at J- A from the other 
side. If the pressure be at the edge, or ^ A from centre, 
then ratio is (1 + i A x |j :1 : : 4:1. 

Stohe. (Pnf, Henry.) 
Nuiz or Stone. Besisiancs to crualiiEg 

in lbs. per sq. in. 

Bauditone (U. 8. Oftpitol) 5,200 

Bed Bandatona (Smithsonian Institata) 9,600 

Marble 7,000 to 10,000 

Maloae sandstone 24,000 

Bine gneiss 15,000 

Quincy granite or sienita 29,000 

Brown sandstone or freestoiie 3,000 to 3,500 

New Jersey freestone 3,500 

Connecticut freestone 3,300 

Dorchester freestone 3,000 

Albert sandstone 8,300 

Oaen stone 1,100 
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Britania Bridge Ex^ierimente. 

Angleaea limestone, 7,flOO 

Ked sandBtone, 3, 180 

Bridk mtwonry, 417 to 610 meiin = 631 

New brick walls of Capitol 1,333 pounds per square inch. 
White marble of Washington Monument 2,000 to 5,000 
pounds per square inch. 

British Parliamefnt Experiments. 



Stohm. 


Fracturing we^[ht, 
in lbs. per sq. in. 


CroBhing weight,- 
in lbs. pet eq. in. 




6,0*9 f '"*'*» 3'^^ 

4,928 1 

6,720 ( 

J;l|| mean 1,344 

2:913' 

a^O^e J mean 1,568 


?:i- n.ean 5,834 
|;80| mean 5,1^ 

1;032 J^w^ 3,013 

7,168 

3.808 f '"«*" 3,688 


Limestones 

SaioionSlinlBstonsB, 





Bramak'a Expsrimends. 




SlOKXS. 




CrnsMng weight 




10,752 "«^» ^'^^^ 
e,496 ""ean 2,698 


0,856 
14,784 
^464 
8.736 


mean 11,873 
mean 3,800 


Sandstones 



Good brick work in cement, cracked at 760, crushed at 
900. Common brick crushes at from 900 to 1,900 pounds 
per square inch. Soft brick with from 460 to 620. 
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The strength of stone remains constant till its height 
equals ten or eleven times its diameter. When he^ht is 
twenty-four times diameter its strength equals seren- 
tenths of original etrei^th. At thirty times, it is yVir. ^^^ 
at forty times, yVir- Th© resistance of stone to compres- 
sion is about ten times that to extension. 

A granite column would be crushed by its own weight 
when about 12,000 feet high ; white marble 2,000. 

In the greatest bvuldings in the world, the greatest 
pressure is from one-sixteenth to one-eighth the crushing 
we%ht ; one-tenth is a good ratio. 

Common mortar crushes with from 300 to 500 pounds 
per square inch. Common hydraulic mortar, 1,000 
pounds ; Very hydraulic mortar 1,500 pounds. 

Concrete made from quick lime will bear safely 150 
potmds per square inch. This was the foundation of the 
London Crystal Palace, where it bore forty potmds. "' Be- 
ton ' (concrete made of hydraulic cement) crushes with 
600 pounds per square inch. Safe pressure, one-tentlj of 
this. Masonry should not be loaded with more than one- 
twentieth the weight, which would crush the material, or 
one-tenth of what would crush the masonry. 

Cast Iron. 

33. The resistance ot cast iron to crushing is from 
80,000 to 140,000 pounds per square inch, the mean being 
110,000. This is about six times its resistance to exten- 
sion. One-fifth the crushing weight is safe. 

The Enghsh cast iron bridge engineers use 18,000 
pounds. Captain Meios makes the limit for pieces less 
than twelve times as long as thick, for principle parts, 



byGoogle 



38 ENGISEEEIKQ STATICS. 

10,500 poimdB per squaxe inch, and for secondary 17,600. 
Where the length is more than three times the thickness 
the pieces give -way by bending. It is brittle at the 
feezing point. It» strength varies little between 40° and 
120°, beyond 120° it becomes weaker. 

Wrought Iron, 

34 Its crushing weight is from 36,000 to 40,000 ponnds ; 
one-half to one-third of that of cast iron. This is about 
three-fourth its resistance to extension. The safe load is 
one-fourth of this. Captain Meiqb, for pieces less than 
twelve times as long as Ihick, nsea 7,000 ponnds. 

Great care most be taken to prevent the bending of 
long pieces, subjected to thrust, by supporting them at 
different points in their length, or by putting it in the 
form of tubes, &o., or by corrugating thin plates of it, or 
by riveting T irons to the plates. Although wroi^ht iron 
is crushed with much less weight than cast iron, yet under 
moderate pressure (vrithin the limit of elasticity,) it is 
compressed much less than cast iron. Its modulus of 
elasticity being almost double. Therefore it should be 
preferred in important structures, even for resisting com- 
pression, except where economy forbids. It was used in 
the Britannia tubular bridge. 

Crushing weight of cast brass equ^ 10,300 i»omids 
per square inch. 

Wood. 

35. Dry timber crashed along the grain yields umder a 

pressure of from 6,000 to 10,000 pounds per square inch. 

Dry Ei^lish oak, ehn, beech, ash, 9,000 to 10,000. Pine 
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5,000 to 7,000 pounds ; one-tenth of orushing weight is 
safe. When green its strength is very much leas, some- 
times one-half. For good white pine 800 to 1,000 pounds 
per square inch maj be used for short pieces. 

Sheet lead or iron shoes should be interposed to pre- 
vent the fibres wotting into one another, where the end 
of one pieoe of wood presses agamst another. Where a 
pressure acts transversely to the fibres, if it acts on the 
whole side of ihe piece, 100 to 250 pounds is the safe 
limit, or say one-fourth or on&<fifth of the former. When 
a wooden post or strut is much longer than it is thi<^, it 
yields by bending. Its strength decreases rapidly as its 
length inereaees. (See notes on bendii^.) 
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Ebbbtance to Bending ahd Bheakiso. 
General Principles of Flexure. 
36. Let AB he a body, snch as a beam, fixed at one 
Fig- 6- end A, and harmg at the othei end B, a 

rpZ ^ weight, or some other force, applied per- 

a hl i-i- pendicularly to its length. The weight 

of the body itself is neglected for the 
present. This force exerts a shearing 
stress equal to W, at every point of the 
beam, acting at right anglss to it, and 
also a bending force along Uie beam. The beam will 
therefore assume a curved form, as shown by the dotted 
lines in the figure ; B coming to B'. The upper fibres will 
be lengthened, and the lower ones shortened, while one 
layer of fibres will be neither lengthened nor shortened. 
This line is therefore called the " Neutral Axis," because 
along it the bending forces are neutralized, and the shear- 
ing force alone is acting. This flexure calls out a reaction 
of the fibres, and it will continue till the elastic forces of 
the body, by their reaction, come into equilibrium with 
the weight or other force. The fibres of a beam are 
lengthened or shortened in proportion to their distance 
from the neutral axis. Let vi = this distance for any 
extended fibre, and r = radius of cnrvatnre for that part 
FiB-.e. of the body. 

Fig. 6 is an enlarged section of a 
|)ortion of a beam. AB is the neutral 
axia Then by similar triai^les we have 
I :r :: -d l:vi and the elongation per 

unitoflength — , expressed byt, = ^' 
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The force P necessaiy to produce the elongation= Ei=^ E 
X — , and for an elementary section daois. body of sec- 
tion a,ii\B E —da. This eipresdon is the " dastic 

reaction." 

For any compressed fibre ve hare in hke manner, call- 
ing vi its distance from the neutral axis, its elastic reac- 
tion equals £ — da. 

The first condition of equilibrium is, that the sum of 
the reactions of all the extended fibres should equal that 
of aU the compressed fibres, i e., 

From the above we get I vida =1 v^da, which shows 
that the nentral axis passes through the centre of gravily 
of the cross-section of the body. 

The " moment " of each fiber is the product of its elas- 
tic reaction, by its leverage, i. e., it is = :^-^ — - x vi, 

or — H?_J? X wj. Then the moment of all the fibres 



equals the integral of the above = — fvi' da + - f v^ 

da, or calling the distance firom the neutral axis v, posi- 
tive or negative, aocordii^ as the fibres are compressed 

or extended, then the expression becomes f ^ - -'^ = 0. 
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ThiB last expression la called the " nwraemt cf dastioUy, 
To find an expression for r, the radius of curvature, the 

equation of a curve being y = j {x), ita radius of curvature 

L \dyf J dx- 

in the case tmder consideration, the flexure or bendii^ is 
very slight, so that---i^ (vrhich is the tangent of the slope) 
may be neglected when compared witli imity, and vre get 

r = — — ; and the moment of elasticity becomes 
<^y 

E%M. X fv,' da + e4^, X fvt'da. [2.] 

When the piece is prismatic or cylindrical throughout its 
length, the above integral is constant for every section, 
and is its moment of inertia. Call this /, and the above 

moment of elasticity becomes E I ~^. 

a X 

The second condition of equilibrium is, that the moment 
of elasticity of the fibres shall equal the moment of the 
external forces which tend to bend the piece. This latter 
moment will be des^nated by M. 
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Flexure of Pbismatio Bsahs. 

Whenjkced at one end. 

37. "WTien fixed at one end and loaded at the other, ae 

Jfig- 7- in F%. 1. A B represents tJie middle 

; fibre of the beam, fixed at A, and hav- 

I ii^ a force at the other end, B, applied 

; perpendicularly to its length. Its length 

z'i^l, and ia supposed to be sensibly the 

~ same before and after beii^ bent. The 

~ shearing force is constant for all points 

of the baam and equals W. The bending moment of the 

force at any point, distant from the fixed end x units, or 

x' from the crther, = Wi],— x),= W (x'). 

To find the deflection y at any point distant x 6x9m the 

origin : equate the moment of elasticity of the beam, and 

the moment of the bending forces ; i. e., E I ^^ = W 
ax' 

{I — x). By integrating twice we get E J (y) = W 

(^ - V- ^'^•^ » -^ F7 ("T - 6 •'■ 

At the end of tfie beam y becomes S and x becomes I, 
andw6haTetf=g [3.] 

NoTB. — The value of E directly obtained by eipariment on extension, 
and as gJTen In the tablas, is smaller Ulan its proper value, as found 
&om direot e^rarlmenta on bending, owing bi ttie inoteased reaiatance 
which the cohesion of adjacent layers of Qbres oppose to sUding on one 
another. Hence the former value of E must be modified accordingly 
before being used in this and the following formnlas. 
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When the heam is fixed at <yne end and loadxl un^omOy 
along its length. Pig. 8. 

^- 8. Let w= load per unit of length, so 



JkAAJLi 



^ that w I = whole load W. The moment 
^^ of this load at any point, x from the ori- 

iaw{l-x)i(l — x)=iw{l — xy 

Equating and integrating as in the pre- 



oeeding case we get 



y = v}^ 



EI 






Comparing this expression for d with equation [3], we 
see that, the deflection is three-eighths what it was in the 
former case. 

When, there is a uniform load ading ^WKwa/td as before, 
and also an upivard force, P, ai the end. Let Xi = I— x. 
The Isending moment M — wxil^Xi) — P Xi = ^wx* 

— Pxi — \wx,(xi— —\ 
W ' 

"When X\ is less than — ,MS& neeatiTe, and the cnrve 

of the beam is concave upwards.- 



cnrre has an infleadon at the point where x\ ■ 
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A beam Bwpporkd at both ends. Fig. 9. 
FigB. 9 and 10. 38. Let it be loaded in the middle with 
W. The preesure on A and B ib halt W, 
and the reaction of each is the same ; each 
half of the beam is therefore in the same 
MmMM condition as a beam fbted at one end and 
& — gJ loaded at the other -with half W. Then 

tor any point, x from the centre, the moment of the bend- 
ing force =-j-- (j I — a:). 
Equating as before and integrating from to ^ I ve get 

'^-WEI ^'-^ 

That is, the deflection is one-sixteenth of that of a 

beam of the same lei^h, and having the same 'weight 

applied at its eztremity. The same beam with a uniform 

load, Pig. 10, would give, putting w i in place of W; 

5 = A X ^EUI). [6.1 

That iB, five-eighths of what it was with an equal load 
at the middle. This beam, compared with a beam £sed 
'at one end and loadsd uniformly, gives the ratio i- * |- x 
t\ or 1 ; f X t\ = :^. 

39. A beam Juesd at <me end and. supported at the other. 
Fig. 11. -^vith a load Wva. the middle, Fig. ll, the 

K' deflection at the lowest point is, i*A of 
. . the deflection of the same beam merely 




lupported at both ends. The lowest point, 
or point of greatest deflection, is at five- 
ninths of the length from the fixed end, 
and the point of inflection, or reversed cur- 
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vatnre is abont one-tenth tlie length from the fixed 
end. 

When such a beam is loaded uniformly. Fig. 12, its great- 
est deflection is one-third of that of the ^^ 12. 
same beam, or similar one of the same [ -,u 

length, supported at both ends and load- ■**** jrV 
ed in the middle ; or eight-fifteenths of ^ t^— 

that Trhen loaded miifomaly. The point j^;- 

of greatest deflection is at flve-eighths -rr* 

the length from the fixed end, and the l* 

point of reversed eiirvatnre at oue-fonrth the length 
from the fixed end. 

Pig. 13. 40. Whm the beam ta fixed at both ends. 

p When such a beam is loaded in the 
- middle, Fig. 13, its deflection is one- 



n 



^ fourth of that of a similar beam merely 

~ supported at both ends. The point of 

; reTersed curvature is at one-quarter I 

" from the end. 

If the beam is loaded uniformly, Fig. 14, its deflection is 

only one-fifth as much as vhen support- ^8- i*- 

ed at both ends and loaded nniformly, -^ [__ 

or one-eighth as much as when support- ^ ^»»m^ ^£ 

ed at both ends and loaded in the mid- ^ PXi 

die. The point of reversed curvature is ^? E^ 

■rWff ^ from the end. ^ ^ 

When a beam extends over several ^C ^: 

supports the outer portions are in the condition of Art. 
39, and the inner portions is that of Art. 40. Such is the 
case of a bridge of several spans which are connected 
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together over the piers. Then the middle portions may 
be made longer than the others. 

41. A beam sujyported at several points. When a beam 
is uniformly loaded and is supported at several equi-dis- 
tant points at the same level, different points of the beam 
are differently strained, being in the conditions given in 
Arts. 39 and 40, and the pressure upon the supports is 
not equally distribnted. Thua if the uniformly loaded 

Pig. 16. beam in Fig. 15, were cut in two at the 

(J 1^ point, C, that post would support one- 
' hali the lo^d, and A and B each one- 
quarter ; but if the beam be continuous 
C would support five-eighths of W, and 
A and B each three-sisteenths. 
The same ta^es place in the tie beam of a roof trass. 
Similar results occur with any number of supports. Thus 
with two intermediate supports, the two middle posts 
each support eleven-thirtieths W, and the end ones each 
four-thirtieths W. 

The supports may be made proportionally strong, or 
the pressure on them may be equalized, by a slight change 
in their relative we%ht8, 

FlEXUBE of EBOTANGUIiiB BEAUB. 

42. The general formulaforprismaticbeamsfora beam 
supported at one end and loaded at the other, was 

Let h = breadth of a rectangular beam and h = height 
or depth. '^" '-**' 
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49.) Substituting this .^ l-j ■■" o — fST>* 

THhia shows that the deflection is directly as the weight, 
and as the cube of the length, and inversely as the breadth, 
and the cube of the hei^t or depth. The ratios of de- 
flection in other conditions of beams are the same as 
those of prismatic beams in general. 

The most convenient standard of comparison is the 
important case of beams supported at both ends, and 

loaded in the middle, for which we have S = [8,] 

All the above formulas suppose the same unit of di- 
mension to be used. It is, however, most convenient in 
practice to take the length in feet, and the breadth and 
height in inches, and to obtain the deflection in inches. 

The above formuln [8] may then be written S = —-■■- . 

ebfi' 

In which L = lei^tth in feet, and e= E ~ 432, Since 

WP _ W{12L)' WL' _ WL' 

~^Ehh'^ iEbh' - E-i- iZ'ibk' ~ ebh'' 

Takii^ formula [9] for the standard, the deflections 

for the other cases are fonnd by the ratios given in the 

case of prismatic beams in general. (See Art, 72) 

Flexdbe op Prissutic Beahb op othsb "EoRua. 
43. To determine this, substitute in the general expres- 
sion, of the moment of flexure, * = — - [3], the proper' 

value of / fox the particular cross-section in question. The 
followiag are the most usefuL 



p.] 



b,Googlc 



For a hollow beam of a unifonu rectangular cross-seo- 

tion, the moment of inertia, / equals — - T" - ; in which 

1/ and hi are the inside breadth and height. 

Fig. 16. For an I shaped beam with dimensions 

^ Ai „ J, aa in the Fig. 16, the value of 7 is the 

same, and the preceeding formulas a,pplj 
t^ without change, and as before / = 

— The two are therefore equally 



1 



stiff with the same amomit of material For a square 
beam with its diagonals vertical and horizontal, /,= -^^ c*, 
c being one of the sides of cross-section. This is the 
same as that for a square beam with its aide horizontal 
and vertical : hence each beam has the same resistance to 
flexure, (N. B. It is not so for the resistance to rupture.) 
For a cylindrical beam of radius r, I = ^^ r*. 

For a square beam whose section circumscribes the 
section of a circular beam /=t7 (2 r)', therefore its resis- 
tance to flexure is to that of the circular beam : : ,'7 {2 r)' 
.i'^r':: 1^:0.59. 

44. Belative deflection of similar beams, or those hav- 
ii^ an equal cross-section. 
Pigs.l7andl8. In pig. 17^ /_ ^ fJ(„J). __ J^ (^J^).]. 

= T7 (**' ^' — "' h 4). 




Now nbii* = nb' — n bi' ; 
therefore 611' =6, — 5i* ; therefore i' = t^ «' ( J» _ h-} )». 
Then T: i" :: 6*-V : (fi'-V)'; I:!':: 6.4-V : 6»- *i«. 
{The Utters on Figs. 17 and 18 are reTeieed.) 



byGoogle 



50 ehgineeeihg statiob. 

General Principle8 of Kcptubb. 

45. The resietaiice to rupture or breaking, is examined 
in the same way as that to flexure or bending. Let It = 
resistance or strain, just before giving way, of the fibre 
most extended or most compressed. Call the distance 
from neutral axis v ; and let a = area of the croes-sec- 
tion of the body in question. 

Then its resistance = Rvda, and tlie resistance of any 
other fibre at a distance v-i from the neutral axis = B x 
Hl1?l Its moment = iJ x Hi!^. The total moment 

V V 

of the resistance of all the fibres eqaals the int^ral of the 
above from to v on both sides of the neutral axis = 



/: 



Ma. [10.] 



Equating this in ^th the moment of the bending force, 
tending to produce rupture, tre can determine the proper 
dimensons, &c. 

KcFTOBE OP Prismatic Beajub. 
46. For these the total moment of resistance to rup- 



Beamafaxd at one end. 
47. When loaded at the other end with W, the shear- 
ing or vertical force is everywhere W. {A force acting 
perpendicularly to the beam in any position may be sub- 
stituted for fV.) The bending or horizontal moment at 
any distance a;, from fixed end, length being I, is W{l—x), 
and at fixed end is therefore W I 
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The equation then is Wl = — - [12.] 

V 

This is the daj^erous section of the beam. From this 
equation we can determine TF, the breaking wei^t of any 
given beam ; also J, which gives the size of the beam to 

resist any ^ven stress W, also, B, or the coefficient of 
strength, having foimd W by direct experiment. 

When the force is appHed at any intermediate point of 
the beam, formula [12] applies, calling I the distonce to 
the fixed end. 

48. When the beam ia uniformly loaded toUh w I. Then 
the shearing force at a distance x from fixed end is w 
(l — x)y and at the fixed end --- wl. The bendii^ mo- 
ment a.ixmw{l — x)h (( _ a;) = \ w (I — xf, and at 
the fixed end (the "dangerous section") is \ wl^^ 

That is, the stress is one-half as much as before. The 
weight of the beam itself acts as a uniform load. 

Beahs supported at both ends, 

49. When loaded in the middle icith W. Then the shear- 
ing stress everywhere ha \ W. Calling x the distance 
from the middle the bending moment at that point = ^ 
W {^\ — X). Calling x\ the distance from the nearest end 
of the beam this becomes \ W sci. It is therefore greatest 
when a: = ; I. e, at the middle of the beam where it is 



Hence it will require four times the weight to break it. 
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At the end of the beam it is equal to 0. The s 
force being every^'here ^ W, may be represented by the 
perpendietdars of a rectangle whose length equals I, and 
whose height = ^ W. The bending moment may be re- 
presented by the perpendiculars of an isosceles triangle 
whose base equals I and whoso altitude equals the bend- 
ing force in the middle of the beam. 

50. "When a beam, supported at both ends, is loaded, 
uniformly with w I. Then the shearing force at any point 
X trom the middle = tv x. It is therefore in the mid- 
dle and greatest at the ends of the beam, where it be- 
comes ji w I. 

It may therefore be represented by the perpendiculars 
FigB. 19 and 20. as in Fig. 19. The bending moment 
at any point x from the middle = ^ ?c 
i i^l + 3:) (^l ~ x). CaUing xi distance 
from nearest end this becomes ^ w Xi (I 

fl <f ^ P,-or/.—Fig. 20. Eeaction of ^ = ^ 

" *'^* w I upwards, with leverage Xi ; pressure 

downwards of weight from ^ to j¥ = w xj with leverage 

equal to -^ xi. Resulting moment around M ^^ tvlxi 

— i wXi' = ^v; xi {l~ Xi). 
It may therefore bo expressed by the perpendiculars 

to the double ordinate, terminated by a parabola. Fig. 21. 
The bending moment is greatest at the middle = -|- «? P 

= 1- Wl'^^J. [15.1 

To prove that the curve is a parabola, Fig. 22, y = ^ 
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wP-i W(il+x)(i I -x} = iwP-i W Figs. 21 and 22. 
P + i iva^ = iwx^;0T changing the let- 
ters x = i wy', the equation of the par- 
bola. 

These principles apply to trussed 
bribes, which are framed beams, and 
show that those parts of them which 
have to resist a vertical stress, as do the posts and braces, 
ehoiild increase in size from the middle of the brieve to 
ita ends in the nniform ratio showu in Fig. 19, and that 
those parts which have to resist the horizontal bending, 
as the top and bottom beams or chords, shonld decrease 
in size from the middle to the ends in the ratio shown by 
the perpendiculars in Fig. 21. 

61. The lines of principal stress in beams uniformly 
loaded, are curved lines, such that the tangents to them 
at any points indicate the directions at these points of 
the hnes of stress. Tbaj all intersect each other at right 
angles, and make angles of 45° with the neutral axis, 
on which line or plane, therefore, forces are acting 
in those directions. The lines convex upwards are lines 
of thrust, those convex downwards are lines of tension. 
The stress along each of these lines is greatest where it 
is horizontal, and at the end of each the stress is 0. 

To show this experimentally, draw a number of small cir- 
cles on the side of a beam before it is loaded. Then when 
it is loaded the circles will become ellipses. Those near 
the top of the beam will have their long axes vertical, and 
their short ones horizontal ; those near the bottom of the 
beam, vice versa ; and along the neutral axis these axes 
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will make angles of 45° Tnth the horizon. At interme- 
diate points their ^ureB Tvill be intermediate in form. 

52. A beam haded with Wai distances (j arid Ijfrom the 
ends, li heiTig the smaMer. The shearing force between W 

and the nearest end is ~ X W, on the other side of W, 
it is ^ X W. The corresponding bending moments at 
any point distant x from the centre of the beam, are 
^(i I — cc) W, and ~ (H + a;) W'- icmeasaredtotheleft 

of the middle ia considered positive ; to the right negative. 
The greatest moment ia where W is appKed, where it is 

^ X W=?^ [16.] 

In words this bending moment =- W mnltipHed by the 
product of the two parts of the beam, divided by its 
length. 

Calling 951 the distance from the middle at which W ia 
applied, the shearing fOTce for points between W and 
nearest and fartherest ends of beam are respectively 

ii+^ md ii-^ X w. 

The corresponding bending moments at distance Xi from 
the middle, for points between fFand near^ end axe 

y_l+_M.(y.Zl^) X W, and on the other side of W. 
^-i '■ — '-' W.xis positive orn^ative accordii^ 
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as it is to the left or right ol the middle. The greatest 
bending moment is 

(j l- xi) (W + a;,) jf^§J_ [■i7_] 

In the first half of the above fonnnlas, the point of ap- 
plication of W, IB measured from the ends of the beam, 
and in the latter half from the middle. In the former ^ 
and li are nsed ; in the latter these distances equal i I — 
X,, and i 1 + xi. 

63. ■ With two forces equal, amd at distances tnj/cli equal to 
a/rmi the ends of the beam. The strength of such a beam 
is the same as if both forces Trere apphed at the middle 
of a be&jn of length =2 0. 

64. Wiih a wdgU, W, uniformly distributed over a leng^ 
m and its centre of gravity ia the middle of the beam. The 
greatest bending moment iahW Xil — \ W X \7n = \ 

Wi}.-^m) =A.^ . [18.] 

Th^-efore the bending moment equals that of a force 

aeting in the middle = W {~^— \ 

If m = i then formula becomes ^ WL 

If m = then fonuida becomes \ Wl. 

With the same load haidng its centre of gravity at dis- 
tftDcesJi and li from the ends, the greatest beading mo- 
ment i» 

whJiA- 4 IF X im = r(^i?-^)=M[19] 
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ParttaUy loaded bearns. 
65. For a given intensity of load per unit of lengtii, a 
uniform load over the whole beam produces a greater 
bending moment than any partial load. Consequently 
the removal of a load from any portion of a beam di- 
minishes the bending moment at any point. For a given 
intensity of load per unit of length, the greatest shearing 
force at any given cross section of a beam, takes place 
when the loiter of the two parts on either side of that 
point is loaded and the shorter is unloaded. The shear- 
ii^ force at any crc«s-seetion, at x distance from the mid- 
Fig. 23. ^ die, Fig. 23, of the beam, I being its 
^-. I- I length, and the longer part A D = i 

* ^^^ + X being loaded with w on each unit 

of length 18 ' — cii ' ^^ shearing force at L 

for a uniform load over the whole beam is i w cc 
Then the excess of the shearing force for the par- 
ti^ load above that of a uniform load is to ^—.JZ.—' 

At the middle of the beam half loaded and half unloaded, 
this excessia at its maximum, for a;=0 and its whole shear- 
ing force equals w^~ =i tvl At the end of the beam 

this excess becomes 0, These points are important in 
proportioning the posts, ties and strees of frame bridges. 
With a load over the whole bridge, it stands ; take off 
one-half and it breaks down. 

56. A beam fixxd at <me etid and svjfported ai the <Mher. 
When loaded in the middle this beam will support one 
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and one-third times as great a weight as a beam merely 
supported at both ends. 

"When uniformly loaded it has only the same strength 
as a beam supported at both ends. The place of the 
maximum stress is, however, now changed from the mid- 
dle of the beam to a distance of five-eighths of the length 
from the fixed end. 

57. A beam fixxd at both ends. "When loaded in the 
middle it is twice as strong as if it were merely supported 
at both ends. When tmifoi-mly loaded it is one and one- 
half times as strong as if it were merely supported at 
both ends. 

58. A beam extending over several swppo-ds. Fig. 24. 
The inner portions as B C, C D, &e., 
between the supports are approximately 
fixed at both ends and are therefore for, 
a uniform load one and one-half times 
as strong aa a separate beam. The ex- 



treme portions of the beam, A B and D E,in the Fig., 
are beams fixed at one end and supported at the other, 
and therefore for a uniform load are no stronger than a 
separate beam. 

Let a sopai-ate beam of a length I have a certain 
strength. Then the intermediate portions, B and G D, 
as in the last Fig., wiH have the same strength, if made 
of a length = i Viz =1 (1,225). Otherwise expressed 
(as obtained from the formula for the deflection of dif- 
ferent parts), the length of ending span is to length of 
intermediate span : : 1 : 1^ about. 

These principles are important in their application to 
proportioning bridges built' in continuous spans. 
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lAmiting length of beams. 

69. The load -wliioli any two similar beams can bear, 
varies as the squares ol any two corresponding dimen- 
sions ; but their we^hts \ary as the cubes of these. 
Therefore, the weights increase faster than the strength, 
and consequently there must be some hmit of length at 
which a beam could not bear its own weight. This can 
be calculated, calling the weight of the beam a load uni- 
formly distributed. 

Let Wi = weight of material per cubic feet, then W = 



1 12 '^n 



) 



If supported at both ends, 

W = ^^-^ -^ =2 5 X ^ -. i =.12 V — . 
12 X 12 L wi 

This showB that the Ijpiiting length is independent of the 

breadth, but varies as the square root of the height. If 

supported at one end, L = G V — ^, or I the former 

length. 

BUPTCBE OF ReCTAHOUIiAB BEAH3 WITH BIDES HOBIZONTAI. 

AND VEKnCAL. 

Beamsfxed at one end, 

60. When loaded at the other end with W, then the 

general equation [12] for prismatic beams i& Wl = - 

For a reotai^ular section we have 7 = j-^hh' and We wiH 
take V = ^h. Substituting we obtain 
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W^B(^) [20.] 

It is usual to take the length L in feet, and i and h in 
inches. Then the above expression becomes W = B 

/-__ y It is also usual to employ a new coefficient a = 

^j B, for reasons given under the next head. Then we 

s bh^ 

When the same beam is loaded uniformly with wi we 
have w I = tl^ [22.] 

Beams svjyporled at both ends. 
61. This contains the most important cases in practice. 
When loaded in the middle. Then W=~'. [23.] 

Putting b, h, and L each equal to unity we get W = s. 
Then 8 may be defined as the weight which applied at the 
middle of a beam, 1 inch square, 1 foot long, between 
supports, would just break it, neglecting its own weight. 
It should be determined by experiment, for reasons to be 
given under Art. 76. This is the reason why a is used 
instead of -^V ■^■ 

The above formtila [23] may also be attamed by very 
simple reasoning. The strength of a beam is directly as 
the number of fibres it contains, or as its cross-section ; 
i. e., for a rectangular beam as 6 X A ; and the resistance 
of each of these is as its distance from the nputral axis, 
and therefore as the height of the beam or as h. The 
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lerer^e of the weight is as the length of the beam. 
Therefore its strength is directly as 6 x A x A and in- 
versely as i; i.e., as -y-, and also as a certain constant 

coefficient s, depending on the material. 
When the beam is nniformly loaded with w L, ihen we 



62. When the beam is loaded at any other point, dis- 
tuit /'laod A txam the ends, then va have W^ i a^h' 

63. With two forces equal and at equal distances a from 
the ends. Denotii^ the sum of the two forces by fT, we 

have W= 8 x^. 
2 a 

64. When the weight is uniformly distributed over m, 
and the centre of mU over the middle of thd beam. Inthis 

we have W-sx -^^t— [26.] 
L— ttri 

65. When the weight is distributed orer Tn,and the centra 
of m is at distances Li and Xj from the ends of the beam, 
X] being the neater. Jn this we have 

^= is X Lj+L t — m 
L 8 

66. Partic^y loaded beams ; BMne as Art. 5{i. 

67. A reetangolw beam fixed lUi one end and Bupportod 
at the other ; same as Ari 56. 
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68. A tectangolaf beam fixed at both ends ; same as 
Art. 67., 

69. A rectangular beam extending over several sup- 
ports ; same as Art. 58. 

EcPTURE OP Prismatic Beams of otheb fobms team becin 

AKQCLAR. 

70. The general expression for equation o( rupture ia 
— — = moment of the force appUed, For a reotai^ular 

V 

beam supported at both ends and loaded in the middle 
W = iB (-,— ) -s X ~. [23.] For a square beam. 

its sides beii^ c, W = s x -y. For the same beam placed 

diagonally, W=^s X ~ — j^. 

and h, and hi and ^i being respectively the outside and 
inside breadths und heights. Compared mth a solid 
beam containing eqn^ material, the cross-sections being 
similar rectangles, and the sides of the holioir beam being 

n times those of the solid beam, their relative strengths 
are ; strength of hollow : strei^th of solid beam : : 2 n — 

- : 1. Thus if n be 10, the relative strengths are : : 20 — 

It : 1 or : : 19. 9:1. 

The /shaped beam has the same strength as the pre- 
ceding one. 



byGoogle 



62 BNGiira:EBiN& statics. 

For a cylindrical beam with radius r, we have / = i ir 

■r*,v = r .: W = = i- s X ''-^ — For a beam fiied 

4tl L 

at one end and loaded at the other ; or for a beam sup- 
ported at both ends and loaded in the middle 

W^^sx ^. [28.] 

Comparing the round beam with its circumscribing 
square beam, whose side = 2 r we find the ratio to be as 
.6 ; 1, Compared with a square beam with the same 
quantity of material, since n- r* = c* ; the strength of the 

square beam : strength of round : : s X -^ :% s — — : : a 

t^:»«l^::1.18:l::l:.847. 

The strength of a hollow, cylindrical beam eqoals the 
difference of the strengths of the iimer and outer sections. 

ff =: J g TT t ~ ^1. j ^ Y beiug the outer and r, the inner 
radius. Comparii^ it with a solid cylindrical beam of 

this same material whose radius is - of the hollow beam, 

n 

we find ; strength of hollow beam : strength of solid beam 
..o. 1.-, 



Forms of Iron Seams. 

71. In s^e matericds the resistance to extension and 

compression are very- different. Hence beams whose tops 

and bottoms are unlike will vary in strei^th with their 
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position. Thus a cast iron beam of T form, broke with 
2i cwt., being placed on eupports with the flange ap- 
wards. A Bimilar beam broke with 9 cwt. when placed 
flange downward. This is because cast iron resists com- 
pression much more than it resists extension, and a beam 
of it will therefore resist more, when more of the mate- 
rial is placed in the extended parts, so that the greater 
quantity of material placed there may compensate for its 
less power to resist the kind of stress actii^ on it. 

The strongest form of a beam is therefore one in which 
most of the material is placed as far as possible from the 
neutral axis ; that is hollow or I shaped, and also so dis- 
posed that the portions resisting compression and exten- 
sion shall be in quantities invereelj proportional to their 
powers of resistii^ these stresses. 

This ratio for cast iron is 6 ; 1. Therefore the strong- 
est form for it, is that in which the lower flange is six 
times the upper. This is known as Hodgkinson's Beam. 
Such a beam is about one-third stronger than the I shaped 
beam, containing the same amount of materiaL In prac- 
tice the upper flange is made somewhat larger than this 
ratio to prevent twisting. In such beams the strength is 
very nearly directly as the area, a, of the bottom flange, 
and as the depth, k, of the whole beam, and inversely as 
the lei^;th, X. 

The fommla for the breaking weight applied in the 
middle of a beam supported at both ends is 

»r = 2 i ^. [29.] 

In which W^ is in gross tons, k in inches, a in square 
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inches, and L ia feet. In this formnla the weight of beun 
U ieksa in. Thns such a girder 30' long, 2' high, and 
the bottom flange 20" x 2", -would break with a" wei^t in 

the middle equal to ^^w^ ^ — = 69 tons gross. Hie 

greatest load should never be more Uian one-third the 
breaking wei^t, or one-sixth of it if the beam be sub- 
jected to vibrations as in railroad bridges. Such beams 
are proved by applyii^ weights, or by an hydrauUc presB. 
This proof strain should not be more than one-half that 
which would break them. Their strei^th is inferred 
during the proof, from the fact that the breaking weight is 
almost twice that which causes a deflection of -^ of its 
length. Thus in the above beam, 341 tons shonld cause 
a deflection of three-fourths of an inch. 

If, however, the beam is to be subjected only to small 
stresses, not approximating rupture, the top and bottom 
should have the same cross-section, since its resistance 
under such stresses are about the same to compression 
and extension, 

72. Table, showing the relative deflections, and break- 
ing weights, of beams havii^ the same cross-section and 
length, and placed in diflerent conditions. A beam, sup- 
ported at both ends and loaded in the middle, ia taken 
as the standard. <J is its deflection and W its breitkiiiig 
wei^t : 
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Supported at both ends and loaded 

in the middle, ... 
Supported at both ends and loaded 

uniformly, ... 

Fixed at one end and loaded at the 

other, - - . - 

Fixed at one end and loaded uni- 

lormly, .... 
Fixed at one end, supported at the 

other and loaded in the middle, - 
Fixed at one end, supported at the 

other and loaded uniformly, - - 
Fixed at both ends and loaded in the 

middle, .... 
Fixed at both ends and loaded uni- 
formly, - . . - 

For a rectangular beam with sides horizontal and ver- 
tical, when supported at both ends and loaded in the 

middle, S = i^. [See Art. 42) ; in which W = the 
eon' 

weight applied, L = length of beam in feet, b and h ^ 
breadth and height in inches, and e = E, divided by 432. 
E is found by experiment for different materials. (See 
Art. 15 and tables in Arts. 18 and 19.) For the same 
beam W = s^. (See Art. 61} ; in which 6 and A = 

breadth and height in inches, L = length in feet, and « 
is a coefficient found by experiment. (See Art. 76, and 
tables). 
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73. B^ative strength of cast iron beams. Pig. 25 (a) ia a 

^g- 3B. cross-section of a beam made by Bonl- 

n t n a ton & Watts in 1801. It was improved 

pJ L_ 11 by Fairbaim in 1825, the vertical rib 
[—-a ^—- -] being made thinner and the lower flai^e 
\ [_^ J p thicker (h). Tredgold's beam (c) has 
I Jm db equal upper and lower flanges. The 
strongest form is Hodgkinson's (rf), the lower flange being 
six times the upper one. The relative strength of these 
beams, Hodgkinson's being taken at unity, is : Boulton & 
Watts', 0.51 ; Fairbaim's, 0.75 ; Tredgold's, 0.62, and 
Hoi^kinson'a, 1. 

74 Cast iron beams sometimes have -wrought iron ten- 
«on rods appUed to them with the object of strengthen- 
ing the lower flange ; the two rods helpii^ it to resist ex- 
t6B8i<ni. The rods are tightened by acrewa or wedges, 
so as to have any amount of initial tension in advance ; 
but it is difficult eo to adjust the two so that each shall 
bear its share of ihe strain ; and even if this adjustment 
were once made it would be altered after any strain, 
owing to the diflerent "sets" of wrought iron and cast 
iron ; since for respective stresses equal to two-thirds 
breaking weight, tor each {say five tons per square inch 
for cast iron and fifteen tons for wrought) the elongation 
for wrought is two and one-half times that of cast and 
its set, ten times as great as that of cast. This adjust- 
ment, and with it the strains coming on each, would also 
vary with every change of temperature, since wrought 
iron expands with heat more than cast iron. The com- 
bination is therefore bad. 
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"Wrought iron resists eztenBion mnch more than com- 
pression, therefore the compressed parts of -wrought iron 
beams (the upper flange of a beam supported at both 
fV26. ends) should be nearly as 2 : 1. They are usually 
^ p made nearly the same, since for small strains its 
resistances are about the same. 
A common form is this. Fig. 26. Usoal ratio of 
jjK depth to span about 1 : 14. 
^^ The box or tubular form. Fig, 27, is stiflfer but 
less easily kept free from oxidating, and is more difficult 
of construction. 

Fig. 27. Wood resists extension about twice as 

w much as compression, therefore where 
it is formed into compound beams, such 
as the sides of bridges, the lower string 
pieces need be only one-haJf as large as 
the upper ones, if it were not for the 



weaknesB, produced in the portions of beams subjected 
to extension, by any defect in the material, such as knots 
or decay, and by the notches and boles necessary for 
connectkig the parts together. 

EXPEHDtENTB ON EUPTUEE. 

76. B = the resistance of the material under discus- 
sion to yielding by extension, which has already been 
given. But direct experiments of the resistaace of beams 
to breaking across give a greater value for B in the case 
of breaking. This shows that some other element of 
strength exists. 

Barlow Ea^ieriments. (Civil Engineering Journal, 1856, 
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page 9.) These prove an additional reaistance proceed- 
ing from the lateral action of the fibres or particles re- 
sisting sliding on one another as they mnat do ivhere a 
beam is bent, and increasing with the depth of the beam. 
The value of R, to be used in formulas for transverse 
strength, must therefore be obtained directly. 

The most convenient unit will be the weight in pounds 
which would break a beam or bar 1" square and 1' long, 
when applied to its middle. This will bo expressed by a. 
It has been shown that Ii= 18 s, which is the value of S 
to be used in the subsequent formiilas. The foEowing 
values of s are obtained from direct experiment : 

For cast iron s = 1700 to 2600. 

For -wrot^ht iron s — 2300 to 3000. 

Safe load from one-quarter to one-sixth breaking weight 

Taiie fm- Amencan Timber. 

Aah 600 

Ash, Black, 290 

Ash, Swamp 300 

Beecb, "White, 460 

Beecb, Bed, 680 

Birch, Black, 700 

Bitch, Yellow 440 

Cedar, White, 265 

Hemlock 380 

Hickory, Biftenmt, 490 

Hickory, 700 

Oak, Live , 6OO 

Oak, Bed, 5G0 

Oak. White, 580 

Pine, Red, 610 

Pine, Yellow, 3fl6 
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Pkie, ■White, 410 

Jine, Pitch, 6S0 



The safe stress for timber is variously tak«n at from 

one-foortli to one-tenth the breaking weight, dependii^ 
on the use to which it is to be put and cautiousness of 
the builder. 

Transverse Strength of American Timber. 

_ Wl WL 

Name. *' ■4 6,cP '"fid' 

Hiokoiy, 2,129 7X0 

Birch, Black, 2,061 6i7 

Oak,Live, 1,862 621 

Ash, ....' 1^795 S9S 

Oak, 17^18, 1,743 680 

Beach, Bed, 1,739 680 

Piiie,Pitoh, 1.727 576 

Oak, Bed, 1,687 562 

Pine, Bed, 1,527 609 

HiefcoiT, bittomnt, Ii465 488 

Beech. White. 1,380 ISO 

Birch, Teliow, 1,335 445 

Pine, White 1^29 4ie 

Pire, Teliow. 1,165 39S 

Aril, Swamp. 1,166 888 

Hemlock 1,142 SSO 

Sprttfle 1,036 815 

imaiwi'K. 911 304 

Afih,Bljick, Sei 887 

eedar, Whiter ; 768 899 
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American BwMing Stcme. 

Blue atona flagging, 

Qoinoy gramto 

Blue granite (ooarBe-grain), 

New Jersey freeatono, 71 1» 

Conneotiont ■■ 

DoroheBter " 

Caen-Btone, 

Safe stress about one-tenth 



Sdids of eq 

77. These are solids of such a form that they are 
equally strong in every part of their length. Such forms 
are the strongest possible for any given amonnt of mate- 
rial. For if the beam be of any other form so that any 
part be about to give way then from the first part may 
be taken away a portion of material and added to the 
second part, thus rendering the b6am stroi^er than be- 
fore. Therefore the strongest form of a beam is that in 
which there is an equal liabiHty to rupture in every point. 

A beam fixed at one end and loaded at the other. If the 
depth be uniform the plan must be a triangle ; for in the 
expression for strength, at" any point x from the end 
W=^sl~ — Yin which all the quantities are constant 

except b and x therefore b varies as x, and the plan is a 
triangle. 

If the beam is to have a umfonn breadth iis elevation 
must be a parabola or one-half a parabola. For in the 
general equations b being constant, h' must vary as x ; 
i. e., the abscissas vary as the squares of the ordinates, 
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whicli is a property of the pwabola. This is therefore 
the proper form for a bracket supporting hea^y weights 
at its end. Its depression is double that of a prism. 

If the beam be supported in the middle and loaded 
equally at both ends, each half of it is in the same condi- 
tion as the preceding beam, and its form would be that 
of two such beams placed end to end, i. e., two whole 
or half parabolas. Such is the form given to beams of 
balances tmd the walking beams of steam engines. 

This form is often modified into a straight-lined figure, 
including the parabola, its upper and lower sides being 
tangent to the parabola at the fixed points, and by mak- 
ing the depth of the beams at the ends one-half that at 
the middle (which is determined as above). One-third ia 
sometimes used instead of one-half, as an economical ap- 



If the cross-sections are required to be similar, the 
breadth and height vary as the cube root of the levers 

arm I - Y For a uniform load and similar cross-sections 

both plan and profile must be a semi-cubical parabola, in 
which the cubes of the ordinates vary at the squares of the 



A heamficed at one end and haded uniformly. If the 
depth be uniform its plan will be formed by two * para- 
bolas concave outwards. If its breadth be uniform its 
elevation will be a triangle. For a uniform load and simi- 
lar cross-sections the profile and plan must be semiKiubi- 
cal parabolas. 

A heam fixed at one end arui haded at the other, and also 
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loaded uniformly. If its breadth be unifonn its elevation 
will be an hyperbolaj with the yertcs at the outer end. 

A beam fixed at one end and supporting its own wnght 
ordy. Its breadth being uniform its profile will be a para- 
bola concave downwards, 

A beam supported at hoth ends and haded at any point. 
li the depth be uniform the plan should be a pair of tri- 
angles joined by their bases at the point where the weight 
is applied. Sufficient width to resist the strain should, 
however, be added at the ends. 

If the breadth be uniform the profile should be two 
parabolas meetiDg at the point where the weight is ap- 
phed. Here too, provision must be made to resist the 
shearing force. 

A beam, supported at both ends and loaded uniformly. 
Where the depth is constant the plan should be two 
parabolas. Here also the ends should have enough ma- 
terial to resist the shearing force. If thebreadthbe con- 
stant the profile will be eUipticab Por the strain at any 
point is proprtional to the product of the two parts, and 
the resistance is as the square of the depth, and these 
two things being proportional the curve thus formed is an 
ellipse. This form was foimeily used for rails, but was 
abandoned from the inconvenience of laying them, and 
also because such a form, although the strongest, is less 
stiff than the corresponding rectangular form, as three to 
four. 

Combining the principles of strongest cross-section and 
beat longitudinal form, we find the strongest shape for a 
east ii-on beam, uniformly loaded, to be two f ' ' 
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plan, and Hodgkinson's form o£ cross-section. K tho 
breadth be nniform and the load uniform, the profile is 
(approximately) a parabola concave downwards. 

Eebista-NCE of Posts, Pillars, CoLUMNa, Stbots, ifec, to 

YIEIDING BT FLESUEE. 

General Principles. 

78, They are supposed to be resisting a stress of com- 
pression applied in the direction of their length, either 
exactly or approximately through their axes. When their 
length is many times their diameter they give way, not 
by direct crashing, but by bending sidewise and by break- 
ing across. The theory of this is very imperfect. One 

theoretical investigation would make W= 81 f — J [31] 

or where round or square W— 8u(^\ [32.] 

Another investigation is, for strength of a long pillar 

TT^A\ [33,] 
\c) 

in -nMclif;^ = breaking weight, a area of crtMs-section, 
^= I^^, ^^ tMeknesa in the direction where it is 
least; all in same unit, (usually inches.) Sui — coeffic- 
ient of strength, m = coefficient found by experiment. 
This is Gordon's Formula. 

Stone Columns. 

79. Experiments make the strength of these to vary thus: 
Batio of height to diameter, - - 1 12 24 30 . 40 
Stiength - 1 1 .70 .54 .37 
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Ccisl Iron Cdumrw. 
80. In formula [33], let all the dimensions be in the 
same nnit. For east iron let Sm = 80,000 poimdB per 
square inch, m = ^^. Then it becomes 
j^ 80,000 X a 

This is Gordon's new formnla. 

Hodgkinson's formula, for the breaking weight of cast 
iron columns, their lei^h being at lei^t thirty timea their 

diameter, is this ; W = U. ~ [35.] 

L being the length in feet, d = diameter in inches, and 
W — breaking weight in gross toi^. If IF is required in 
pounds, instead of 44 use 100,000, A modification of the 

aboT6 formula is this, W = 8„ .^ [36.] 

In which Sr? varies from 50 to 33.6, the mean being 
42.3. 

This formula supposes the ends to be flat and firmly 
fixed. With rounded ends the strength is only one-third 
"that of the former case. As columns are never perfectly 
fixed, one-sixth of the above breaking weight should be 
taken as a safe load. Where cast iron columns have a 
length less than thirty times their diameter, HodghinAtrn's 

Farmvla is W ^ , ^" - [37.] 
h + %0 
In which b = breaking weight, given by formula [35], 
and c =^ the cmshii^ wei^t for a short piece of the ma- 
terial. 
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When the above formula gives a strength greater than 
the resistance of the material to cmshing, the latter 
should be taken as the true strength. 



BatiooflengOi 


Breaking load in 


Ratio oi length 


Breaking load in 


to diameter. 


lbs. per sq. inch. 




lbs. per Bq . inch. 


1 


92,000 


35 


16,000 


21-2 


85.000 


40 


12,888 


6 


78,000 


45 


10.100 






50 




10 


48,000 


60 




15 






4,700 




32,000 


eo 




2S 


26,000 


90 




30 


21,000 


100 


3,100 



The breaking weight of a short piece varies greatly 
with the quahty of the mm, eay from 20,000 to 100,000 
pounds. In the above table 92,000 is taken. 

Capt. Meigs' practice at the Capiiol. 



Ratio of length 
to diameter. 


Safe load for 


Safe loads for 
secondary parte. 


<12:1 
12:1 

34:1 
48:1 

60:1 


10,500 
8,750 
6,250 
1,760 
1,050 


17.600 
14,600 

8,800 
2,900 
1,800 



81. For hdhw caM iron piSars. If d be the outer di- 
ameter and di the inner diameter, the strength =. the dif- 
ference of strength of two solid columns of diameters d 
and di and we have by Eodgldnson's formula Win tons 
fd "-d,-- 



= 44 (» 



-) [38.] 
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Caution. Id casting cohimnB the core ia sometimes not 
central, and therefore the sides of the column are of un- 
equal thickness ; such should be rejected. This was the 
probable cause of the fall of Pemberton Mills. 

Mr. Francis would use only one-twelfth to one-fifteenth 
fV for the safe permanent load. 

82. Wrought iron columns, dtc. 

Hodgldnson'e formula for wrought iron solid columns 

is W-^ 134 [-^^"1 [39.] fF and X representing the 
same as before, and d =- aide or diameter. For pounds 
the formula is H^= 300,000 ^. 

Gordon's formula, [33] for wrought iron becomes 
^_ 36,000 a 

f 

By Gordon's formula we find ; 

Length : d or 1 10 20 36« 30 40 

Breaking load per i Cast iron, 64,000 40,000 29,000 25,000 16,000 

square inch. ( Wio't iron, 35,000 32,000 29,000 28,000 23,000 

L e., columns of cast iron are stronger than those of 
wrov^ht iron up to a length equal to twenty-six times the 
diameter. For columns more slender wrought iron is the 
stronger. 

Capt. Meigs' experiments at the Capitol give the fol- 
lowing results for safe strains per square inch for wrought 
iron: 
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Itatio lengtll : diameter. 



83. The strength of wrotight iron plates acting as struts, 
varies approximately as their width and as the cube of 
their thiekness, and inversely as the square of their height 
or length ; corresponding to formulas [31] and [32.] 

To calciilate the strength of struts, having the form of 
angle iron, T iron or double T iron, apply Gordon's for- 
mula [40], calling f the thickness in the weakest direction; 
i. e., the direction in which it will give way, and consid- 
ering separately the various parts iato which it will be 
divided by planes parallel to that in which it would bend, 
for example, parallel to -4 B in Fig. 28. 

Fig^28. Example. Length 8'. For ^Ba = 1.80 

square inches ; for C Da = 2.4" x .6" — 

1.44 square inch, t = 0.6". By Gordon's 

^ formula IT — 53,748 pounds. 

H:^ jf' " ."j j, Actual breaking stress = 36,000. Using 

A in the formula 24,000 instead of 36,000 

would give the actual results. Experiments are wanting. 

Experiments by N, Y. C. B. B. give results indicatii^ 

in the iron need in this form the proper values of S to be 

only about 24,000. The stmt of the example, of English 



crown iron behaved as follows in the experiments. 
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First experimerd. 




•ad in Ibg. 


Flemra on C B. Load in lbs. 


Remroont 


5,500 




.0 aa,ooo 


.1875 


8.200 




.050 24,700 


.230 


^(^9oo 




.076 27,600 


.250 


13,700 




.100 30,200 


.312 


16,600 




.135 
Second experiTnmt. 


•Sat, 


load in IbB. 


Flexure OD 


CD. 


22,000 




.126 




30,400 




.6125 




36,000 




Bar bent almost doable. 



Such experiments are very valuable and very scanty. 
For plate iron girders stiffened by T ribs, the depth across 
the ribs may be taken for ( in Gordon's fonnula. For 
wrought iron cells, stiffened by ai^e iron, when the thick- 
ness of the plate is not less than -^^ of the diameter, the 
stress required to break them by bending is 27,000 pounds 
per square inch of the cross-section of the iron. 

Resistance of wooden posts to breaking byjlexure. 

84. Hodgkinaon's fonnula is this; R^= Htt) C^'l 

■which for Dantzic oak is W = 24,500 (~), and for red 

deal (pine) W = 17,500 f^T in T^hioh W equals 

breaking wei^t in pounds, d = side of square base in 
inches, and L = length in feet. 
The crushing wei^t al the above woods are from 6,000 
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pounds to 10,000 pounds per squaore inch, for the former, 
and 7,000 for the latter. 

Bondelet's experiments for wood crushii^; -with 6,000 
pounds per square inch, gave the following ratios of 
strength for long pieces : 

Batioa of height to diameter oi aide, • 1 12 24 36 48 flO 72 
Ratio of resiatanoe. - - -. - IJ^J.^^^ 

He considers the safe permanent load to be 4- of what the 
above table would give. 

Mr. Whipple has also made e^eriments. 

The safe loads according to the three above sets of ex- 
perimente are given in the following table : 

Tahle i/ aa/e had/or PiUars, tfec, in poundsper sqvare inch. 

20 22 21 28 sa 3C 10 18 60 72 
860 700 430 290 140 72 35 

Whipple, 1,000 860 800 750 700 GOO 520 460 370 307 263 227 156 100 
Hodgkinson, 624 160 355 260 230 150 100 70 

TaHe of safe m&m, of loads. 
Batio of he^ht 

to tbicknew, 1 10 16 20 25 30 3S 10 46 60 66 60 66 70 
Safe load. 900 800 700 560 130 340 280 226 175 130 lOg 85 70 60 

Eesistanob to Tobsion. 

85. Torsion is the twistii^ stress to which are subjected 
all parts of an axle to which are applied two forces, act- 
ting in contrary directions. It is opposed by the resist- 
ance of the material to extension and shearing. 

The angular displacement of any particle of a twisted 
sohd is proportional to its-distance from the axis and aho 
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to the length of the solid, each fibre being bent into the 
form of a helix. 

The resistance is as the fourth power of the diameter. 
Let a equal angle of torsion measured by parts of the 
radius (radius being equal to SV.S'^)) or arm of leverage of 
the power. 

Let L equal the length in feet of the solid from the 
filed end to the point where the force is appKed. Let 
d = diameter of the solid and p = power in pounds act- 
ing to twist the solid, ri = its arm of leverage. L is in 
feet, d and ri in inches. Then for wrought iron we have 

70000 rf* 

Multiplying « by the radius u we get the absolute dis- 
placement. 
For a square beam of aide d, for wrought iron a = 

_F_.rL_^ [43.1 
116,000 rf' •■ ■' 

The stress which would break a body by torsion is 
found thus : For a cylindrical axle the moment of resist- 
ance to torsion is S " Si r' = 1. 575 Si r" = .2 Si cP, of which 
si = resistance to shearing, r = radius of axle in inches 
and d ==- diameter of axle in inches. Let p = power ap- 
plied, and ri = its leverage. Then we have .2 8] d* = pvi- 

Whence d^ = ^^-^' [44] (aU in inches.) 

For cast iton si = 15,000 to 30,000, and for wrwight 

iron «i = 50,000. Hence (? = ^^ to ^^ for oast iron, 
3,000 0,000 
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For safety a small portion of Si must be used, depend- 
ing on the strain. 

Tredgold uses one-fourth for cast iron and one-sixth 
for ■wrought iron. Morin takes for wrot^t iron one- 
eighteenth for light strains and one thirty-sixth for great 
strain. Whildin uses one-sixth, 

Morin gives the following formulas : 
Mateiial. Great strain. Light straia: 

Cast iron - d' = ^H tP = P^ 

180 360 

Wrought iron # = ^ilS * = lll. 

^ 540 1,080 

Wood (P = .PIi d» = -HZl 

30 60 

One set of experiments makes the resistance to torsion 
of different metcds as follows, takii^ had for unity : 

Lead, 1 

Tin, ll-a 

Copper. .-. 4 1-3 

Brass, 4 2-3 

Hard gun metal, : 6 

Best wroaght iron, 10 

Blistered steel, 16 2-6 

Shear steel 17 

CastSteel 191-2 

Relative strength against torsion of cast iron shafts of 
various cross-sections and of equal area. — Major Wade : 
Solid Solid H<dlow cylinders with flie following ratios of 
cylinder, si^nare. interior and exterior diamet^. 



1.443 l.TOD 2.036 2.738 



11 
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PABT in 
The STABiLrri op PosnioN, ob EEsiaTAMCB to Otee- 

TURNIKa. 

Introdwtion. 

86. A frame or structure may give waj, either by its 
portions breaJdng, or by their being displaced The 
strength of the materials resists the former, the weight of 
the frame gives stability to the latter. 

Stability is of two kinds. Tke StabUiUy of Poaibion is 
tlie resistance of a body to being displaced by turning 
over. Tke Stability of Fridicm,ia the resistance of a body 
to being displaced by sliding. These two kinds of sta- 
bility constitute Parts HI and IV. 

Frames or structures may be classified in reference to 
the connection of their parts. When the joints are very 
narrow in proportion to the length of the pieces, as in 
roof trusses, Ac, the combination may be called Bar 
Work. "When the joints are wide, as in walls or arches, it 
may be called Block Work. 

Bab Work. 

Mechamccd Prinoqilea. 

(See Jackson's Mechanics ; on repr^enting forces by 

straight lines, on resultant forces, and ratios of forces 

being as the sines of opposite angles, &c., Ac.) 

87. When frames of three bars, (which frequently oc- 
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COTS in the most important cases of en- 
gineering), are subjected to parallel 
forces, such as weights ; the stress may 
be obtained thus : Let A B and 0, Fig. 
3 three bars forming such a frame, 
with loads BO applied as to be in equi- 
librium. From any point 0, drawn par- 
allels to- the lines A, B and C, ending in a vertical line ; 
then will the radiating lines, OB, OA and G rep- 
resent the respectiTe strains on the bars to which they 
are parallel The horizontal 5' is, l&ewise, propor- 
tional to the horizontal thrust of the frame. 

Elements. — Single pieces are the elements of frames. 
They may be Bubjected either to compression or exten- 
sion. A compressed piece is called a " strvi." Its equi- 
librium is unstable ; for if it moTe at all, the force F and 
the resistance B, tend to make it move farther. . An ex- 
tended piece is called a " tie." Its equilibrium is stable ; 
for when it is displaced, the forces P and B tend to bring 
it back again. 

The term " brace" includes both " struts" and " ties." 
A tie must be in one piece, a strut maybe in several. It 
is often important to distinguish between 
ties and struts. If it is seen that a rope or 
chain may be substituted for a beam, it is 
a tie ; otherwise it is a strut. Another and 
better way of distinguishii^ them is as fol- 
lows : Construct a parallelc^ram on the 
straining force as a diagonal and with its 



Fig. 30. 
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aidea parallel to the sustaining forces. Fig. 30. Draw 
the other diagonal of the parallelogram. Draw, parallel 
to tbi3 last diagonal, a line throiigh the point where the 
directions of the forces meet. This line is the di-viding Une 
between struts and ties. Observe to which side the 
straining force would move if left at liberty. All sup- 
ports on that side of the line would be compressed and 
wiUbestmts. Thoseontheotherside would beextended 
and will be ties. 

The weight of a beam, or bar, is to be regarded as a 
vertical force acting at its centre of gravity. Let a uni- 
form, stra^ht beam rest with the extremities against 
smooth, horizontal and vertical surfaoes, as in Fig 31. 
The beam is kept in equilibrium by its weight acting in 
Fig- 31. the vertical through G, by the horizon- 

tal pressure h at B, acting in tlie line B 
D, and by a third force at A, which 
must act in the line A D. Since the 
triangle ABE has its side parallel to 
directions of the three forces, these sides 
will be proportional to the forces, and 



1^ 



wo have W -.h: 


DE :AE,oi:::BF:\AF. HenceA 


- i W ^ ^^ 


By moments we have IF X A E = h X 


BFoih= S W 




Trigonometrioidly this becomes. 


h- ^ W X cot 


BAF 


The thrust in the direction of 


the length of the beam 


- i w4ri,- ' Woosm.BAF. 
B F 



A pair of sbruts (single) Fig. 32. 
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88. The most important ease of this is a roof tru3s. 
This is a frame aupporting a load which Ues 

between the points of support. Construct 
a parallelogram having for one diagonal a 
line representing the number of units in 
the we^ht, and having its sides parallel 
to the struts. These sides wiU represent 
the strains on the beams to -which they are parallel. Any 
change in the obhquity of the beams increases, or dimin- 
ishes the strain. 

When the weight rests immediately on the struts, or is 
sustained above them, or is suspended below them, the 
effect is the same. The length of the beams haano effect 
on the stress, M is evident from the construction, though 
we have learned before that the strength of the beam 
diminishes as the lei^h increases. The strain may also 
be calculated niimerieally ; for the frame is kept in 
equinbriom by the action of three forces, viz ; the weight 
and the resistance of each beam ; therefore each force is 
proportional to the sme of the angle made by the direc- 
tions of the other two, (See Jackson's Mechanics). 

Calculation of Strains. 
89. Let the weight - 1500 lbs. Let 
each inch of the diagonal represent 500 
lbs. Let the angle of the beamB = 100'^, 
^ the one making an angle of 60^ with the 
vertical, and the other as angle of 40°. 
Required the strain on the two beams, 
-A Bead A C F|g. 33 (The Fig. is not drawn to scale). 
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1. GrapkicaUy. — Set off on the yertieal 3" and com- 
plete the parallelogram as before. The proportions of 
the weight bom by B and C, are respectively A G = 
D H xrA A H = D G. When £ and (7 are at different 
heights, to find the portion of the weight borne by each, 
draw the lines, not horizontal, but parallel to B C. 

2. TrigonomdricaUy. W : strain on A B : : AD -.A E. 
: : sin. A E D : sin. A D E. Hence, strain on A B = W 

^"- -^.P.E. Again, W : strain on A C : : A D : A F : : 

sin. AED ^ 

sin. A F D : dn.ADF. Hence, strain on A = W 
sin. AD F 



..AFD' 



Substituting these values in the formula we 



have ; strain onAB= 1,500 X -r^?- - 1.319- Strain 

sin. 80' 

on ^ C =^ 1,500' X ^!L^ = 979. Resolving these strains 

svn. 80* 
into their vertical and horizontal components, we shall 
find that the horizontal pressure of one of the beams 
exactly equals that of the other, whatever be the differ- 
ence of their inclinations to the vertical, and that the sum 
of the two vertical components equals the whole weight. 
The numerical calculation of these components is made 
as before trigonometrically. 

When the span and heights of the Btruts, and hence 
their lengths are given, we have more simply, the weight 

, , , .^, a ijT non-adiaeent segment. 

supported at either end = W x * , s 

^^ Whole span. 

That is, the weight supported at .B = 
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BTipported at C = fr X -^-^ Thrust on A B^^ freight 
on £ X ^i Thrust on A C — weight on (7 X ^ 

When the rafters are equally inclined, Fig. 34 Re- 
Fig- 34- quired (, or thrust in -the direction of 
their length. W -A :: B F:: B D : 




E:BD::^BC:B A;t- . „ — 
BO 



" ' " BC = 
eosec, A. To find 



rise 
h, or horizontal thrust. 

1. By parallelogram of forces. By similar triangles 3 E 
: DE:: BO: AC, or \ fF;A::rise: I span. Hence A 
^ I W !E?5_ -. \W X cotan. A. 

2. Moment of weight about A= \ W v. A O. Mo- 
ment of horizontal thrust =- A >: G B. Hence, k x C B 

= WFx^CorA \W x-i^^iWx^^ = kW 

B V nse 

cot. -4. K a weight, W, be uniformly distributed, as is 
that of the rafters themselves, its effect is equal to that 

of h W applied at B, and in that ease t^kWx 1^1^ 

nse, 

and A = i W X -?— . Wnav means the entire uniformly 

nse "" 
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distxibuted load. Otherwise ; the horizontal thrust of one 
beam will be the same as in Fig. 31, that is, the horizon- 
tal thrast of ^ B = i its wt. x -^-jy We might suppose 

ftince the horizontal thruet of ^ £ is the same as that of 
A B, that the horizontal thmsts of the two beams would 
equal twice the above expression ; but such is not the 
case, for either horizontal force merely corresponds to the 
reaction of the wall in Pig. 31, consequently, the thrust 

of both rafters = i weight of both X h?^ - ^ W >c 

nse 
span 
rise 

The inclination which produces the least horizontal pre- 
sure is where the angle A or the pitch = 35° 15', or where 
the height : i span : : 1 : V 2, or where the he%ht is a 
little more than one-third span. : ; 1 ! 1.414 

Pressure of Water on Lock Gates. 
90. A canal lock gate is a frame of two stmts. It is ana- 
Fig. S5. lyzed thus. Fig. 35. Let the whole pres- 
sure on one gate, of the water acting per- 
pendicularly to it, = P. This is resisted 
by s P, acting at B and \ at A, Decom- 
pose \ P, acting at B, iato a pressure h 
parallel io A D and another t acting along B A. Then 
\ P ;k : : E F : B F or : : B D : B A. Hence A- J 

jyBA , p BD , P P rru ■ 

P =-- — i P -h =— = i -. — - = - - : ■ . Then again 

B D B A sat. A 2 8m. A. ° 

we have, 5 P .t : : E F : B E :: B D : D A. Hence, t 
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^iP^~ IP. cot. A ^ ^ , 

DB 2 tan. A- 

91. Braced struts. The horizontal thrust of a pair of 

rafters may be resisted by walla, or they may be relieved 

of it by a tie-beam connecting their feet, as in F%. 36, 

Fig, 36, When the tie beam is long its middle ia 

A supported by a rod or stick, called a " King 

jY\\ post." The only strain on it is one-half 

/^:~^^i\ the -weight of the tie-beam. More pre- 

// ^ eisely five-eighths of weight of iie-beam 

—^ when this ia level. (See notes on flexion.) 
Infl'mnce of change of temperature on iron tie-beams, or 
tie-rods, of roofs, &c. Let IP = temperature when the 
frame was constructed, and iPj = temperature at a subse- 
quent period. Then t° — i°i= fall of temperature. The 
shortening (of iron) ^TTTrJiniT ^ lei^th x (t° — (^i). 
Now an elongation of ,0008 corresponds to a strain of 
20,000 pounds per square inch. Then the additional 
strain caused by cooling will be, xinrTxnnT ^ (^° ~ '?) ^ 
.UU" == I'^S (P ~ f?). Thus a change of 100° would 
cause an extra strain of 17,500 pounds per square inch. 
Sometimes the tie-beam is replaced by a "coUdr 
beam," as indicated by the dotted lines in Fig, 36. In s 
roof of this kind, the strain on the " coHar-heara," ia greater 
than that on a tie-beam in proportion to its elevation. 
If midway up it will strain twice as much, &c. This must 
be so to satisfy the condition of moments. 
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. i W X ^, or I that if there I 



I two ties. 



Fig. 37. Sometimes the tie beam is replaced 

by two oblique ties as in Fig. 37. Mo- 
ment of weight "= s W X i A N. Mo- 
^ ment of tie A E = its atrain x C D. 
Hence for equilibrium, j W x \AN-^ 
strain on tie x C D. Hence strain on this tie must equal 

i wM^ 

CD 

Pig. 38. In Fig. 38, the tie beam is formed 

by two pieces, inclined upward and 
meeting in the middle, and supported 
by a vertieed tie rod. Then this last 
rod is subjected to a stress from the 
weight of the rafters, and the load on 
them. Then the weight W on the 
yertex-B-= tension of Si) = ^-^ 

If C 2) = B -0, the tension = ^. If (7 2) = 2 S Z), the 

stress = 2 IT, &e. Where B = 0, the tension on the 
rod produced by fF = 0. The stress on each part of the 




tie rod AD or A' D = 



BD' 



A uniformly distrib- 



uted load, Uke that of rafters and roof, produces \ this 
stress. To determine the stress on the parts of this frame. 
Let G D represent the stress on -4.0 in Fig. 38. De- 
compose it into G F and D F. The horizontal compo- 
nent is balanced by that belonging to A' D. The vertical 
component is D F. The vertical stress : horizontal stress 
•..DF: F oT :: DC -.AC. But the horizontal stress 
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into the above proportion, the vertical stress ^^ i JV 

AO _Z_ 

BD AC ' " BD' 

an equal stress on B D. The total vertical stress onBD 



rCD 



Stress on A D:\ vertical stress &XD:: AD 



■.J)C,oxs'bcQssQ-aAD:kW1^::AD:DG. Hence 

stress onAD=\W . Stress on A B = horizontal 

atressat^x^^-l rx^x^ = l fTx^ 
stressat^ x-^ - . »' ^^^^ ^q ' "^ B B. 

A uniformly distributed load produces one-half this stress. 

Second method. Let W = weight at B, and t = tension 

of A D. Draw B E perpendicular to A D produced. 

Equating moments, t x B E = i W x AC .-.t = j W 

BE ' BDsm.BDE ' B D ^. A D C 

^AC_ , ra'^. Tensionpf^iJ 

AD -"7" "57) jD SD' 

Third method. Constntct a diagram of the forces by 
drawing from some point o, parallels to the bars, inter- 
sected by a vertical line. The length B D and B' D' will 
represent the supporting forces at A and A', and their 
sum equals the total load at B, which equals W. But for 
equilibrium the load must equal B B'. Then the stress 
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on the tie B D, must be represented by D D'. Numeri- 
cally one-half this stress : I W : : G D : B D. Whence 

this stress on -B Z> - W ^-P. Stress on A D : ^ W : : 



Hence stress oaAD = 
^AB 



jAD 



on A B = J W p-^- Horizontal stress : stress oi B D 

-.-.AC.'iC D. Hence h=W^ = A^ = k W 

BD %GI> 
AG 
BD' 

92. Trussed Strvis. Eoofs of large span are usually 
subdivided into other triangular frames variously corn- 
Fig. 38- bined. Fig. 39. The struts E F sxiA 
E^ F^ are perpendicular to the rafters 
at their middle points. Hence A E = 
~J/ E B. Let w = -weight of one rafter 
and its load. The horizontal tension h oi E E' — \ x 

2w ^-5? = ^—3 . The parts .^£and>4'£^ besides 

rise 2 tan. A 
this have estra tendon, (' from the effect of the stmts 
F E and F E' which also cause a tension, t", of the in- 
clined ties B E and B E. The vertical pressure at ^ = 
s W. Its component, B, along F E = i w cos. A. Com- 
ponents {V = t") of this along A E and B E (they being 

1 • 1 _i.L\ i X W COS. A W I I mi • 

equal m length) — ■■-— . — -— = -— = -i k. This 

2 sm. A i tan. A 

being added to the tension h oi A £'and A' E makes 

their total horizontal strain h'=h+hk = ^k. Finally 
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calling JT - 2 w, the tension oi E E' ^ I W 5?-^. Ten- 
rise 

siou olAE and A' F == A '^ ^^.^^- Tension oi B E 




and B E'^ i tension of £' £■' = ^V f^f" ^^^-These 

eould also be obtained by deeompoBin; 
graphic construction. Boofs are also 
sometimes sustained as shown in Fig. 
40. The strain on B is ^ W^ on G and 
C" 5 W, and on I) and D' -^ W. The 
strain on £■ is I W, and <ya.B F^W. 
"When the tie-beam is raised (as in aT 
Pig. 41), which is usual iu iron roofs to give a lighter look, 
iCig. 41. the strain on it is increased in the 

proportion of former height to new 
height. The other stresses on it are 
found similai'ly to Pig. 38. Draw 
a diagram by pai'allels to the bars. 
Then / i^ = i* i^ = ^ IF', and the 
lines F Q and F Ghx the diagram, 
are proportional (on the same scale) 
to the stress B E and B E on the 
frame. A modification of the preceding is to add the ties 
shown by the dotted lines, drawn from E and F. Vari- 
ous arrangements for wide iron roofs for railroad depots, 
are given in Mbrin's " Besistance des Maieriaux" PL VI. 
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A Pair <f Ties. 

93. This is^ustthe converse of Art. 88. 

The stresses axe just the same in amount 

but cause tension instead of compression. 

Fig. 42. Horizontal strain produced by 

W= i W , "P^. . and the strain on 
depression 

each tie = i IF ^ll^l^. 
depression 
F^. 43 shows a beam A A' supported by a strut, B 0, 
Fig. 43. below, and by tie rods A S and A' B 

1 ^ . ^ ■ ! which can be screwed to any tension. 

f~\J|,,,^^ ^ With a load W m the middle, the strain 
6 E on each tie rod, to be in equilibrium 

with the load, must be equal to hW -^r^ — -. =-^. 

depression = B 

For a passing load, a tension sufficient to resist the ac- 
tion of the load in the centre would exercise the same 
force after the load had passed to bend the beam in a 
contrary direction. To make the actual flexure of the 
beam a minumum let each produce an effect equal to one 
half this, and the rod should have a tension = \ W y. 
length of rod ^ rj.^^ ^^^^ ^^ ^^^^ require to have only 



3-halt the strength to resist flexure which would other- 
wise be necessary. 

A strut and a tie. 
94. Such a combination in its simplest form is called a 
" bracket." This is a frame consisting of two pieces, a 
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strut and a tie, supporting a load ; the two points of sup- 
port of the strut and the tie being on the same side of 
the load. In all the forms the upper piece is a tie and 
the lower a strut. We ate to calculate the strain on each. 
The beams may slope in a contrary direction, or in the 
same direction. The investigation applies to all. 

Fig, u. Let A D, Y\g. 44, represent the units 

in weight at a scale of one inch for any 
convenient number of pounds. On A D 
as a diagonal construct the parallelo- 
gram AFD E. Then will A E repre- 
. sent the thrust on the strut A C, and AF 
will represent the strain on the tie A B. 
We then have A F : A D :: A B : B G. Hence, AF = 




" am. BAG 

: B G. Hence, AE = 



wn. BA G 



cos. ABH 



In words this becomes. The strain on 



sin. J5^ C 

either piece equals W X eos. of the angle which the other 
piece makes with the horizon, divided by the sine of the 
ai^le which they make with each other. 

When one of the beams becomes horizontal the formu- 
las may be simplified. When the tie is horizontal, B A 
G = A G 6, and A B H = 0, and the above formulao 

becomes AF= W^—-^~^ = W X ootB A G = W 
sm. B A G 

BO BU1.B A G 
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foHbw (Erectly from iJie triangle ABC, whose sides Trill 
then' be parallel to the directions of forces exerted. When 
the sttat is horizontal, ^ £ IT = BA C.and^ O^O- 
COS. 



Then the above formulas become ; A F = 
tAS 



. JT:^, and^i-^ W- 



. B AC 



AC 
Wcf 



.BAG B C' sia. S AC 

In thiH fotm the strain is greater on the tie than on 



the strat. The expressions for A F and A E being in- 
terchanged." The preceding form is therefore preferable, 
because any defect in the wood lessens its power of ex- 
tension more than compression. 

95. Modijicaiwn of braclcets. A beam fixed at one end 
Fig- 45. and supported between its ends. Fig. 45. 

-i- The weight acts in the line D G. The 
-J- strut acts in the line C A, meeting D Q 
JZ produced in E. The force at B must 
_ act in the line B E, since three forces in 
" equilibrium must meet in a common 
- point. 

Since the we^ht acts parallel ioS C the three forces in 
equilibrium are parallel to the three sides of the triangle 
B C E, and proportionaJ to them. S C will represent the 
unite in the weight, G E the units of prpssnre on the strut, 
and B E the force at -B in the direction B K Pressin-e on 
jCE 
CB 




the strut at C in the direction AG = W - 



The force 
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izontal and vertical oompon^its of these strains. The force 
G E may be resolved into G F and F E and the force B 
E into B F and F E ; hence we see that the horizontal 
thmat at G and B are equal but in opposite directions. 
The vertical forces acting at G and B are asGF and B F; 
G F acting downwards and B F upwards. Their differ- 
ence, C B, represents the weight. There are many forms 
of brackets, depending on the directions of the starut and 
Fig. 46. tie, and their angle with each othef ; but 

the above formulae apply to all, by mak- 
ing the proper modifications for IJie dif- 
ferent conditions. 

When the beam is horizontal as in 
Fig. 46, the strains are as the sides of 
the triangle B G E. 

The press™ at ii_ W?^^- ^|| x f^, b„l 

■p-^ = YT^ = fTT '^''^'i thfi pressure &\, B = W 

CD BA 
GA B 0' 

TrigmomelricaUy we have p-^, = coseo. BAG. 

Then the pressure at 

B- W^^^co«„.BAC=Wg2^^, 

To find the horizontal pressure at G, resolve the pressure 
at B into BG and C A ajid we get, horizontal pressure = 
pressure at 
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Ofhffrwise. The weight W, actiiig at D, is eqmvalent to 
W p-j ^cti^g »t -4- Let B equal this. Then the other 

strains are proportional to BA and C A, and we hare ; 
rCD BA 
G A 

GD ^ OA ^CD 
A !B~C ^ ST'' ^^^"^ ^^^ ^^ ^^ horizontal, the 

flame formulaa apply, interchanging the letters B and C. 
^ BD CA_ 
BA ^ BC^ 
B=W^ 

"^ B a 

Fig, 47. Another case of a stmt and a tie is 

shown in Fig. 47. The triai^le AGE 

has its sides parallel to the direction of 

the stresses, and hence we find the piece 

- ^ C is compressed with a force equal to 

.CUD 




"^ ^.{CAD^CBD)' 

The tension of the rope B G= W ^ T /r j n^pTi D \ 
The horizontal strain tending to make the piece A C slide 

^ A ^ cos.GBD. COS. CA i> „ ,. 
** ^ = ^ sm.{CAD- GB D)- ^ *^^ ^^'^^^ ^"^ 
not merely suspended at C, but supported by a cord paas- 
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ing through one or more pulleys (as in the case of a crane), 
we should haTe to consider instead of W, the resultant of 
W and of the tension of the cord. 

7'wo struts and a straining beam. 
96. 'With loads W and W on C and C the stresses 
are analagous to I'lg. 34. 
Consider the upwai-d re- 
action at A and A' which 
axe each equal to W. Then 
the triangle ABO gives 

A G= W -g-^, horizontal stress = W n-^. All the 

stresses are the same as if the struts, .^ Cand A' C", were 
produced upward to meet, and the wholo load ( W+ W) 
placed at that point, as in Pig. 34 

Suppose the load on ^ J ' to be tmiform, and supported 
by rods B Cand B' C, A A' not to be continuous but to 
be divided at B and B'. This corresponds to the weight 
on G C in Pig. 48. If tlie beam A A' be continuous and 
level, then fj- (^ison .BCandS' C, and /,,- on-4and ^'. 
This is safest to take, being greatest, though it is not 
generally done. 

In either case calling W' the load on B Cor ^ O', then 
the horizontal thrust on CC' and the pull on ^ ^' = W 
A3 „„,^X^ sj™^ jp^ 



A C 



Wi 



BO ' 
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thrust oDCAaadOA' = W ^. H a similar load 

were on top, the stresBea ■would be the same. 

When a bri^e of this form is reversed the stresses re- 
main the same except that the former stresses of com- 
pression have become extension, and vice versa. Thia 
arrangement may be extended to any number of panels. 
It is preferable for materials like wood and wrought iron, 
because the shortest pieces are exposed to compression. 

MvUif^ Frames. 
97. Suppose a uniform load W on a beam A A', Fig. 
^%*^' ri *^* Each post or vertical 

tie supports i W = W. 
^ The struts E B and E B' 
—^, resist a stress — k W 



;___ , as found from F%. 32. They produce a horizontal 
strain at ^ and on 5 5' = i W :^-£ The weight on 

Dor D' = IF + -i W = ^ W {k W' being transferred 

from E.) Consequently D A and D' A have a stress = 

• AD 
\ W .=-=. They produce a horizontal strain on D D' 

asAA a: '=%W' :r_j®. The horizontal strain B B' = 
the sum of the two horizontal strains = (i W' -^ \ W') 
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So proceed for any number of panels. It will be 
found tliat the strainB on the posts and on the strutS) m- 
crease in a direct ratio to the distance from the centre. 
Their strength and size should therefore be increased in 
the same ratio. The strains on the top and bottom beams 
increase from the ends to the middle, but not in a direct 
ratio. The increase is most rapid as you proceed from 
each end and becomes less rapid on approaching the cen- 
tre or middle. It is analogous to that of a solid beam, 
in which latter case the relative increase is indicated 
graphically by a parabolic curve (see Fig. 21.) 

The usual formula for the horizontal stress on a frame, 

caused by a uniform load (\ TV-^— ) supposes the 

we%ht to be uniformly applied at the ends of the struts, 
as well as uniformly over the road way. This is the case 
in frames which have an even number of panels ; bat is 
not so with those of an uneven number. For example 

■with three panels, the horizontal stress = i W -E— ; for 
nse 

five panels = ~ w ^?? for seven panels =— nr ^5- 
^ 8^ ^ rise' '^ 8* "^ rise; 



and generally for n panels (n being uneven) = I ^ — g— 1 
V 8 n*/ 



spm 



byGoogle 



l02 EKGISBEBIKO STAITOS. 

In the preceding forms the ties were Terticsd and the 
Fig- eo, strutB inclined. In Fig. 

50, both the ties and 

struta are inclined. The 
stresaes, however, follow 



similar laws. With a miifonn load W, such as its own 
weight, the yertical strain increases mdiormly from the 
middle, where it eqnals zero, towards the end where it 
eqnals i W. At x from end, or x" from middle, it equals 



from the middle of the bri^e 

,„ x" lemth of 



Bpan depth of panel 

The horizontal strain at the centre -= i JF -^^- At any 

point x" from middle or x' from end, it 
W x (span — x" ) 
'^ 2 span X depth ' 
diminishing from the centre to the ends in ratio before 
shown by a parabolic curve. 

When the loads are applied along top or bottom, 
or along both. The distance x' and x", in the preceding 
formulas, are measured to the tops of the diagonals when 
the load is attached to the bottom of the beam, to the 
lower ends of it if it be on top, and to their middle if the 
load be equally on the top and bottom, as its own wei^t. 
Bridges of this form are called "Triangular Girders," 
or " Half Lattice," or " Warren's," or " Neville's." If the 
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number of the oblique pieces be doubled, then each sus- 
tains half the above strains. This is a lattice bridge. 
Any number of such pieces may be combined, 

98. Best angle for the diagonals in a triangular girder, 
when aU malce the same angle wiik the horiwn. Their total 
length is less in proportion to the smallness of their an- 
gles -with the horizon. The strain on them is greater in 
the same ratio, and this increases their necessary cross- 
section. Then, there will be some one angle which wiD 
require the least amotmt of material and, consequently 
weight and cost. 

Let the angle B A C = a,ia Fig. 51, be this angle. Call 
^e.51 . the weight _B = 1, Then the length 
' \ A\ A B ^ B O. coeec. a = cosoo. a. The 
\/ C} \h strain, and consequently the cross-section, 
is also as cosec. a. Combining these, we have, the mate- 
rial in one varies as cosec.' a. The reach, or horizontal 
pressure, of each = cot. a. Then their number (calling 

length of girder = Q is - 

_ _,__' This 

sm. a COS. a 

is to be a minumum, or sin. a x cos. a, a maximum. It 
is so when a = 45°. 

Other practical considerations render it desirable to 
make the angle greater. It is usually between 45° and 60°. 
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Best angle wfum the diagonals are aUemaU^ vevtical and 

oblique. 

In Fig. 52. l^ei B AC = a. Calling the depth of the 

Fig. S2. bridge, or the length of the vertical beam, 

B 0= 1, the length of the oblique beam, 



im 



^\a AB^ cosec. a. The stress o: 



beam (caUing that on the rertical = 1), is also as coseo, a. 
Their weight, &c., is, consequently, as cosec' a. The 
number of each kind of braces (calling the length of 

bridge =1)^ — 7 — . Then the weight of all the Tertical 

J 

coeec. a X ■ ■ — Hence the weight of all are as 

cot. a cot. a 

(1 + cosec' a] 

This is to be a minimum. It ia so when a = 35° 16'. 
We have been asstuning that the weight, length, cross- 
section, material, &c., of each tmit of length of the ver- 
tical brace was capable of conveying the same strength 
as a unit of the oblique brace. If not, let the strength. 
of the former be to that of the latter :: n -.1. Then in 
the preceding expression the weights, &c., will not be as 
1 : cosec' a, but as n : cosec' a. Oonseqnently the ex- 

a minimmnwhen cot. a = V(l + Ji.) When n = 1, as 
in our first hypottiesis, cot, a = V ^ = 1.414, and hence, 
a = SS° 16' as before. When n = i, as might be for 
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wood an4 ireon^t iron where the oblique braces are eom- 
pressed, then a = 60° 46', "When n = 2, as might be for 



Compoimd frames. 
100. In this combination, shown in Fig. 53, the stress 
Fig. 63. on each pair of struts may be decom- 

posed, as in Fig. 33, or tbey may be 
fonnd by one of the methods of Art. 89. 
^ If the frame be inverted the stresses 
^ « are the same, but the parts before com- 

pressed are now extended, and vice versa. 

In the frame, shown in Fig. 54, composed of foiu' dis- 
tinct trusses, the thrust is ^^%- st- 
found as before. The 6 3 
strain on the tie beam A 
A', is the sum of that due 
to each set of struts. The * 
strain on the straining beam, B B', increases from the 
ends to the middle, the outer portions receiving the stress 
of the outer pair of struts, the next portion the additional 
stress of the nest pair, and so on, Latrobe's Bridge is on 
this plan. 
In such a frame as shown in Fig. 55 (sometimes used 
Fig. 56, for a turning bridge) the platform A A', 
being supported by obhqne iron rods, 
the strain or puU on each rod ^ load at 
lower end x length -i- by the height of 
_^ its upper end above the lower. The 
A stress, or Uimst on the lower beam, A A't. 
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increasea from the ends to the middle. Eetween the two 
outside tie rods it equals the load at ^ x distfiiice from 
centre -i- height of tops of outer rods. So for each re- 
maining rod. 

Polygonal Frames. 
101. Such frames, even when of only four sides, are 
F^, 56. liable to change their angles from the 
action of a slight force. Let the force W 
act in the direction E B, Pig. 56, and the 
corresponding reaction act in ^ ^. Let 
the frame be stiffened by the brace C D 
acro88 one of its angles. Required the strain on the 
brace. The force (F tends to rack the frame, that ia, 
tends to turn it around A. Its moment therefore = W 
X A M. Let P = force with which the brace resists, 
and let A Nhe the perpendicular to the brace. Then the 
moment of brace = P x A N. Hence, for equilibrium, 

P X A N= Wx AMotP= W^^ 

see that the nearer the brace is to jJ, the more it is 
strained. Every frame having more than three sides, 
should be braeed so as to form triai^les. In a frame like 
a gate, where the brace is a strut, it should be placed in 
that diagonal of the rectangle which the weight tends to 
shorten. If it is a tie ii should be the converse. 
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F^- S7. The form in Fig. 57 ia called a 

"cvirbed," or "Mansard," or "hip- 
ped" roof. Practicallj to find the 
A best angles for such a roof. Pre- 
pare four sticks, proportional to the 
intended length of the rafters, and 
fastened by pins ; attach their ex- 
tremities to a vertical board, so that 
when inverted they may hang freely. 
The position which they then assume gives their proper 
form in a roof. If the rafters axe to be loaded unequally, 
weigh ts^jiroportional to their respective loads, should be 
suspended from the centres of gravity of the pieces. 

In such a frame, in which the lower pieces made an 
angle of 3° with the vertical, and the upper made an angle 
of from 45° to 63° with the vertical, the horizontal thrust 
of the former was from .197 to .227 of weight, or about ^, 
the weight being uniformly distributed along the length 
of the two upper pieces. 

Geometrically. Where a polygonal frame is in equilib- 
rium the horizontal thrust is the same at each angle. Let 
frame be loaded at each angle. The strains on each 
beam, in the direction of its length, are proportional to 
lines drawn from any point, 0, parallel to those directions, 
and limited by a vertical line, as shown in Pig. 57. The 
portions of the vertical line cut off by these divei^ing 
lines, are proportional to the weights suspended from the 
joints of the beams parallel to those lines. 0' ia pro- 
portional to the horizontal stress. 
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TngonometricaUy. The atrain on any beam in the di- 
rection of its lei^th = horizontal strain x eecant of its 
angle with the horizon. The weight suspended from any 
angle = horizontal strain x difference of the tangents of 
the angles which the two beams, meeting at that point, 
make with the horizon. 

Note. — The general principles of infiexible Arames oro these : 1st. 
Strength and eoonomy aia the two objacts sought. Sd. Give little excess 
of etrei^th to the parte which themselTes add to the load to be support- 
ed. 3d. Eudearoi ao to arrange the beams that the strain shall be 
transmitted as nearly as possible through their axes. 4th. Avoid as 
much as possible tnmsverBe strains. 6th. Load obtuse aisles lightly. 
6th. Divide polygonal frames into triangles by means ot braces. 7th. 
Distinguish carefolly between struts and ties and consttuct them ac- 
cordingly. 8th. Give all the parts of the frame equal relative strengUi, 
since the strei^h of the frame can never eioeed the strength of ths 
weakest part, and partial strengUi produces general weakness. 

CuETED Frames. 
Convex upwards, or Linear arches. 

102. ConceiTe a polygonal frame to have the number 
of its sides indefinitely increased and their lengths in- 
definitely diminished. It then becomes a Hnear arch. A 
diagram of forces may by constnieted for it, as for a po- 
lygonal frame. The various lines drawn from some point 
0, as in Fig. 57, wiU then represent the thrusts at those 
parts of the arch to whose tangents they are respectively 
paralleL If i be the angle of one of these tangents the 
thrust there equals tlie horizontal thrust at the top, mul- 
tiplied by sec. t. 

If the arch sustains a vertical load, uniformly distri- 
buted along its lei^th, its form when in equihbrium would 
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be B, " catenary." K the arch sustains a Tortical load 
distributed horizontally, its curre when in equilibrium 
would be a parabola. If the arch sustains a uniform nor- 
mal pressure, like that of a fluid, its form would be circu- 
lar. If the arch sustains a pressure not uniform, but 
symmetrical on opposite sides, its form would be eUipti- 
cal and the ratio of the axes should be the square root of 
the two pressures. Thus, for a tunnel arch very deep 
under ground we should use an eUipae in which the hori- 
zontal semi-axis, divided by the vertical semi-axis — the 
square root of the horizontal pressure of earth, divided 
by the square of the vertical pressure of earth. 

An arch sustaining a pressure every where proportional 
to the depth of the point in question below a horizontal 
plain {such is the pressure of standing water), should 
have- a curve such that the radius of curvature at the 
point is inversely proportional to the depth. This curve 
somewhat resembles a cycloid. It has been called a " hy- 
drostatic arch." An approximate form for an hydrostatic 
arch is a semi-ellipse of the same height, and having its 
greatest and least radii of curvature, in the ratio of the 
greatest and least depth of load. Let Xi = depth of load 
at the crown of such an arch. Let xu = depth of load 
at the spring. Then approximately its half span = 

i-g- (a;ii — a;,) __i'. An arch sustaiuii^ a pressure of earth 

ViCi 

at any depth should have a form named the " Geostatic 
arch," Its equation is very complicated, {For a full in- 
vestigation of these last two curves, see Eankin'a Ap- 
plied Mechanics, pp. 190-208.) 
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Experiments on wooden arches formed of bent planks, 
BO that they could approximately be considered linear 
arches, gave the following results, the arches being semi- 
circular : "When the weight is uniformly distributed along 
the circumference, the horizontal thrust = about one- 
sixth weight. This rule also gives their thrust by their 
own we^ht. When the weight is uniformly distributed 
horizontally, the thrust =: about two-niiiths we^ht 
When the weight is all at the summit of the arch tiie 
horizontal thrust = about one-third weight. When the 
weight rests vertically above a point one-fourth the di- 
ameter from the sprii^, the horizontal thrust is about two- 
sevenths weight. If the arch be depressed or elevated 
the thrust varies as the ratio,one-half span : rise. Frames 
of straight pieees are preferable to curves for a given 
amount of material. Structures framed of straight pieces 
resist flexure twice as well as those of curved pieces. 

Cast iron, timber and similar arches, are usuEkily arches 
only in form. Such an arch may be regarded as compo- 
sed of two parts restii^ ag^nst each other at the crown. 
Let O, Fig. 58, be the centre of gravity of the semi- 
Fig. 58. arch. Its weight acte through the 
verticle drawn through G. From 
the middle point of liie crown, H, 
draw a horizontal line meeting the 
vertical through G m F. From 
F draw a line i^ I to the spriog at 
'^B its middle point, and draw I M 
parallel to FS. Set oSF G = weight of semi-arch, and 
complete the parallelogram F L G K. Then J" £" will ta- 
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present tlie horizontal thrust, and FL its piesBore on the 

abutment. By similar trianeles we haveFK = -_—-__ — 

Hence, horizontal thrust = horizontal distance from the 
middle of the spring to the vertical through the centre of 
gravity of the semi-arch, x . -weight of semi-arch -=- verti- 
cal distance from the centre of the spring to the centre of 
the crown. 
Approxtmatdy, calling centre of gravity mid-way between 
spring and crown, the horizontal thrust = ^ weight of 

whole arch x ^^. This errs on the safe side. The 

nse 

obUque thrust at the abutment = -/(horizontal thrust' + 
weight 5 arch'.) 

103. OoTioave upwards or Oaie^wies. Let x = depth of 
curve, y = i span, ( = horizontal tension at the lowest 
point, T = tension at point of suspension, a = angle 
which the tai^ent at the point of suspension, makes with 
horizon, and I = lei^th of curve. liet p = the ler^th of 
a similar chain whose weight = tension at the lowest 
point. 

Given x and y to find a*. X- ka^ investigation gives 
log, tm. (4 S° + i o) _ j_ ^^ ^^„^„j „j ^^^ ,j_^ 
sec. a X ver. sin. a Z.a x 

valtie of a from this formula, is by tryii^ different values 
for it and continually approximating until one is found 
which satisfies the equation. Care must be taken to sub- 
tract ten from the log. tan. of the numerator, in order to 
make it of the same radius as the denominator, that is, to 
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make the equation homogeBous. We also find £rom the 

same investigation the formulas : ■ 

X rr X , 2x sin. a 

P = -, 1 = ; , i = ;_. 

sec, a—\ Tor, sm, a ver. Bm a 

The. weight and consequently the whole length of any 
portion of a uniform chain will be proportional to the 
tangent of the inclination of the catenary at the upper 
end of this portion. This is the characteristic property 
of the catenary. The strain exerted tangentially, at any 
pointj is proportional to the secant of the inclination at 
that point. Practically, the catenary does not differ sen- 
sibly from the parabola as applied to suspension bridges, 
since in them the platform of the btii^e and the load 
upon it are uniformly distributed along a horizontal line, 
and not along the chain. The curve thus approximates 
nearer a parabola than a catenary, and would be an exEict 
parabola if ita own weight as well as that of the platform 
were distributed horizontally. 

The Catena/ry as a Parabola. 

Let the span ABot Fig. 59, equal 2 y, 
the deflection = x,t= horizontal ten- 
sion at D, and w = weight of catenary 
pei unit of span. Biequired ; horizontal 
strain at I). Moment of horizontal strain 

Moment of chain itself = wy x ^ = ^^ x y ; 
Hence, for eqnilibriimi tx-^ —X x y,t = ~^ — ?== iwt. 
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of chain X i?&= iwt. of chain x ^^. Thiainves- 

nse nse 

tigation assumes the weight to be (jniformly distributed 
horizontEiUy, in which case the curve will be a parabola, 

having for its equation y'= Hence in such a para- 
bola, — = parameter, 

2d. To find the tension at any other point. It is the 
resultant of the horizontal tension and of the wei^t be- 
tween the required point and vertex. This resultant is 
the hjpothentise of a right aisled triangle, and is numer- 
ically equal to the square root of the sum of the squares 
of the two forces. Let yi = ordinate of any point as Di ; 
then the weight of the portion D Di= w y,, making ( = 
one side of a right angled triangle, and the weight of DDi 
as the other side, then (i or hypothenuse = \/[(' + (wyi)']. 
The tension at the point of suspension, represented by 

r,- Ve + „,._ •(^+sw) = ■»s/(j^+i.) 

3d. To find the angle which the tangent to this curve 
makes with the horizon, i, e., GAS. When the curve 

is a parabola we have, i^.CAE = 9A_ ^^ _ ^ 
G A A y 

= 2 —J- An approximate formula for the length 

of curve is, 2 y +*^, or span + ^i|l^^*. 
ay 3 spau. 
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4.th Depression caused by elongation, produced by 
etretcbing, as by heat. Depression in middle equals elon- 

gation X W X -SS-. 
Ter, sm, 

5th. When produced by a ■weight in the centre ; depres- 
sion >= weight in centre x ver. sin. 

2 (wt. of chain + load) + i wt. in centre. 
Fig. 60. 6th. Chain suspended at unequal heights, 
considered as a parabola. Fig. 60. 

-^ JJ^ V Xi + V a 



^/xu 
Horizontal tension 



2 a;i -1- 2 xn + i i/xi Xn 

Note on Modds. 

104. The relatiom between the strength oj fra/ima and 
BmaR modds of them. No model can have all of its parts 
enlai^ed in the same ratio and be as strong, comparatiTely, 
as before. There are three diEferent cases. 

1. Case of extensim. Suppose the structure ten times 
the size of the model. The cross-section, and str^^th 
of a piece in the structnre is increased one hundred times 
that in the mode!, but ita load has been increased one 
thousand times. Suppose the model could have supported 
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twice the original load upon it, tlie fall sized straoture 
can bear only one-fifth the increased load. A good ex- 
ample of thia 18 a suspeneion bridge. It will, say, with 
1,000' span, bear a heavy load, but increase its span eight 
or ten times and all ita parts proportionally, and it will 
fall by its own weight. Large spiders spin threads much 
lai^er in proportion to their thickness than small ones. 
Suppose one nine titaes aa thick as the other, his weight 
would be (9') times that of the smaUer. Hin thread would 
be twenty-seven times as thick. 

2. Case of compression as a prop or support. A model 
being increased n times as before, its strength is increased 
n* times, whilst its load is increased n' times. Kature 
affords an example of this bind also. Were every part 
of a man enlarged proportionally until his body equalled 
that of the elephant, his legs would break under his own 
weight. Hence the great proportional size of the ele- 
phant's legs. 

3. Case of cross-section. For this we have the general 
formula W ^ 5 -^ , in which 6, 1, and A, are the dimeri- 

sions of the beam and 8 the coefficient found by experi- 
ment. Bequired, what will be tte effect of increasing all 

the dimensions n times, W = S±^i^ = S tl]^. 

nl I 

This shows that the strength has been increased n* 
time^ but the load has increased n.' times,- and the beam 

is therefore only - as strong as before. Therefore for cross 

strain in enlaaying a model n times, the breadth most 
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again be increased n tames, that is, re' times as great as 
originally, if the depth be increased n times only. The 
depth must be made nt n times as great as originally, if 
the breadth be increased n times. Althoiigh increasing 
the dimensions of the beam n times, makes it re" times 
stronger to resist breaking, yet it becomes only re times 
stronger to resist bending, since we have, 

c nb(nhy~ n c ^ftA" 
that is, — of the former deflection, the load being sup- 
posed to remain the same. Hence the deflection of beams 
from their own weight, or from a uniform load propor- 
tionally increased {that is re' times) will be - or as the 

n 
square of the ratio of increase. To preserve the same 
stiffness against deflection of beams, we see by the for- 
mula that the depth must increase in the same ratio as 
the length, if the breadth remains constant, or if the 
depth remain the same, the breadth must be increased aa 
the cube of the length. For example ; a beam whose 
length has been increased ten times, must, in order to 
retain the same stiffness as before, be ten times as deep, 
or one thousand times as biroad. 

Ocdcidatioti of the strength of strudures from that of their 
modds. Let p = weight that the model will bear at its 
centre, w = weight of model, r = ratio of the scale of 
the model to that of the structure, P = load the structure 
must be able to bear at the centre. Then it is evident 
that r* M) — weight of structure. Resistance of struc- 
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tors : resistance model : : cross-sectioii of structure : 
cross-section of model, or : : r' : 1. 

A weight uniformly distributed = i same weight at the 
ceiitre. Hence p + i w= resistance of model, and since 
the resistance of ihe stmctore = r' times that of model 
we have P .^ r* (p -\- i w) — i r' w = r' p — — 

_r-p- r-(r-l)| - r- [y - (, - 1) ? J 

Gonversdy.—P given and p required. From preceding 
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BLOCK WOUK OK STEUCTUEE8 WITH WIDE 
JOINTS. 

Singh pteces, or cemented masses. 
105. General pritu^ples of stability. A solid resists o'ver- 
ttirnit^g by its own ■weight. This tustion may be considered 
as concentrated at, and acting in a Une passing through, 
its centre of grarity. The " moment of stabSity " of abody 
■= its weight, X horizontal distance from this vertical 
line to the edge about which the body would turn il over- 
thrown. 

In Fig. 61, the moment of the wall A B CD = weight 
^B- W. X ^ ^. In all cases where the contrary 
S I f~1 " is not mentioned we consider a portion of 
H ..' wall one foot long. The moment of any 

r f=--ic-j <^ -* » force, as P, tending to overthrow it = P x 
fit / r 1 length of the line drawn from the front e^e 
't'l...J of the wall, perpendicular to the direction 

of the force or = P x A F. 

There are two ways of determining whether a wall will 
stand or fall trnder a given pressure. 

1. GraphicaUy. Construct a parallelt^am of forces at 
the point where the direction of the force meets the ver- 
tical throi^h the centre of gravity. Draw its dif^onal. 
If this passes within the front edge the wait will stand ; it 
not, it will faU. 

2, Numerically. Calcxdate the moments of the wall, 
and of the force. If the former exceed the latter, the 
wall will stand, and vice versa. If the force acta horizon- 
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tally, its leverage is the height of the point of application 

above the edge. 

If force acts obUqnely, Fig. 62, the leverage is ob- 

Fig. 62. tained thus : NumericoMy. It will be in 

' eqniUbrium when P x A F= W x A H. 

Required to find A F. Let a = angle which 

the direction of the force mak^ with the 

horizon. Then A F-^ A V x cos. a = 

{CD- C Z) COB. a -- C B cos. a-OZ 

COS. a. C Z= F Z X t&a. a~- V Z X 

^L^. Hence, AF=OD x cos. a - V Zx ^Hl^ X 
COS. a COS. a 

COS. a= C D X COS. a — V Zx Bin.a. That is, the per- 
pendicular from the point of overturning to the direction 
of the force = height of the point of application of the 
force X cos. a — the distance hrom the point of overturn- 
ing to the vertical through point of application of the force, 
X sin. ffl. 

The " mommt of staMity " of a body, = W x H A. 
The "dyna/miccdstabUity" oi a,hoAj~Wx height, through 
which it is necessary to raise in order to overturn it. 
In Fig. 60, IF X ^JV. It is the "work" required to 

SB' 

then 2J is the coefScient of etabOity. "Wh^i B is at ^i, 
then -=f-^ = 1 and we have simple stability. When E is 
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at H, then -=^^ = — -— = co ; that is, no possible force 

can overturn the -wall. If the resultant passes through 
the centre of the figure and of the base, the pressure 
at all parts would be uniform, and equal the whole pres- 
sure, divided bj the area of the base. If it does not, the 
pressure increases on the side to which the resultant is 
nearest. It is found desirable in structures of masonry, 
resting on earth, that the maximum pressure should no- 
where exceed double the mean pressure. To effect this 

HB 

one-third the thickness from the front edge ; for a cir- 
cular hase make ——- ^ 4t', for a hollow square, li ; for a 
HB 

circular ring, 2. These last two expressions apply to tall 
factory chimneys. 

Masses resisting paraUd forces as wind, like towers, 
chimneys, <£e, 

106, Any force, acting upon a convex surface, is two- 
thirds what it would be on a plane surface. Begarding the 
wind as a number of parallel forces, we consider the re- 
sultant at the centre of gravity. 

We should examine whetherthe lower courses of bricks 
might not be crushed by the data given. The crushing 
force for common bricks is from 900 to 1,900 pounds per 
square inch, or 60 to 120 tone per square foot. 

The force of waves acts similarly \o that of winds ; but 
if the body be immersed in water, as in the ease of the 
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lower stones of a light house, the weight of the object 
will be diminished by that of an equal bulk of water. 

Dams, Walk, <Ac. 

107. It is cheaper to make the wall stable by adding to 
its thicknesa than to its height, for the reason that its 
breadth enters twice as a factor in the formula, 1st in 
weight, 2d in moment of stability. Hence a wall twice as 
thick is four times as strong. 

To find a general expression for a rectangular wall 
which shall just stand while resisting a fluid. Let w — 
weight per cubic foot of fluid, w\ = weight per cubic foot 
of wall, k = height of wall, t = thickness, I = length = 1. 

The pressure of the fluid = A - x 1 x w, and the mo- 
ment of the fluid =hx^x w x~— ~. The weight 
of wall = A ( X 1 X wi, and the moment of the wall =- 



wi h xt Hence, t ^ h ^/ (Jf-) = i Ji V(~). Ii 
order to secure double stability Wi k - = 2 ^ — , 



^m- 



r— 1 
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Masses remting earth, as retaining wdHa. 
108. To £iid an expression for the thickness of a vail, 
resisting earth. In the expression for double stability 
against water, substitute for w the weight of earth x 
tan.' \ the angle of the natural slope of the earth with 
the vertical (as in Part I). Let a = natural slope of the 
earth with the vertical Then we have ; 

,_ J V CtiL_x_j5Eli5)_. 8 xlm. i « X * VC"^) 
\ w;i ^ \to\f 

WaSs with sloping faces or batters. 
A wall with vertical back and sloping face, will resist 
overturning with nearly twice the moment of a rectai^u- 
lar one of the same material. To find the bottom thick- 
ness of a wall with a triai^ular cross-section, which shall 
have the same stability as a given rectangular wall. Let 
h = height of wall, x = bottom thickness, t = thickness 
of rectangular wall, w" '^ weight per cubic foot. Moment 

of rectangular wall =Aixl xw'-^iAPw'. 

Moment of triangular wall = ^ x x. lx«j'Ja:=^ 

^ A x* to'. Hence, x = 1.22 t, and the mean thickness 
of such a triangular wall -= .61 (, thus saving about .4 
of the material. It the slope of the wall was on the in- 
side, the wall would have coily one-half its .former sta- 
bility. In practice a triangular wall is never built, for its 
top must have some thickness, and not less than two 
feet. The section of the wall then becomes a trapezoid. 
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To find the thichnesa of battering walls with the same sta- 
bility as rectavgviar tcaUs of the same height ; (See B. <& B- 
B., page 184,) subtract from the thickness of latter four- 
tenths of the entire projection of the batter. The remain': 
der IB the mean thickness of the required wall. 

Approcdmatdy. At one-ninth of the height of the reo- 
tangular wall from the bottom, draw through its front a 
line ha-rii^ the desired batter. It will be the desired wall 
near enoi^ for the usual batter. 

The final form, for economy of material, is 

shown in F^. 63, the rear of the wall also 

The face is sometimes curved 

concave outwardly, as shown by tlie dotted 

line. 

Wc^ supported by Couiderforts or Buttresses. 

109. These should be on the front of the wall so as to 
throw the centre of gravity farther from the edge of rota- 
tion, but for other reasons, are generally placed on the 
back of the walL In calculating the moments of these 
counterforts, we may conceive them to be extended side- 
wise so as to fill the space between them and diminish 
proportionally in wei^t, and then reason about them as 
about a continuous walL 

WaUs (f Uncemented Blocks. 

110. Let several stones be laid without cement, one 
npoQ another, and let a given pressure, P, act upon the 
uppermost stone at some point a. The weight of the 
stone acts vertically. At the point a construct a paral- 
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lel<^ram of these two forces -whose dia^nal will meet the 
second stone in some point b. On this diagonal, and the 
vertical at b, construct another parallelogram whoso dia- 
gonal will meet the third atone in, c," and so on for all the 
points, until a diagonal is found whose direction does not 
differ sensibly &om the vertical, or direction of ^avity. 
By these means we find the respective pressures at abc, 
Ac. The curved line joining these points is called the 
" line of rmstance'' This line must intersect the common 
sorfaoe of each two contiguous portions of the structure 
within its mass. 



Equation <^ the Idm of Sesistance. 
Fig. 64. Let a force p act at a point 

P, Fig. 6i, in a line i* i^, 
making an angle q> with 
the horizontal. Let G be 
the centre of gravity of 
the part of the buttress 
above A B. Ckimpound 
the two forces and let their 
. resultant pierce the joint 
A B in R. Eequired the 
value of B B, for any value 
ofPB. Let PB^ X, RB^ y,BH= y', and^=wt. 
of buttress. The moment of the buttress = W X SB 
^W X (y — J/'). The arm of theforce ji = theperpen- 
dicular distance S F oi R from the line of action of the 
force p,=- X y. cos. /p ~ */ >■ sin, ip. Hence the mo- 
ment ot p ^ p (x X COS. (p — y y sin. tp). Equating, 
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7 (x X coa. 9 — y, sin. ip) = W {y ~ y'). Hence, 



^ W + psin. 9 - 
the force acts horizontal <p 


= 0, and the formula 


y- 


«v^_. 


+ P5 
W 



When the buttress It rec 
Let t — thickness, y' ^^ i t, h' ^ height, above P, and 
k = total height, W = whi,i3i which w = weight per 
cubic foot. The equation of the line of resistance becomes 
y = ^ ^ Q'' + x)^ + px COS . ffl 
to {k' + x)t + p sin. <p 
This line is a rectangular hyperbola passing through 
the point E, and havu^ a vertical asymptote -whose dis- 
tance from the face of the buttress =it + ^ '— , The 

wp 

Fig- 65- same result for a rectangular buttress and 
horizontal force may be obtained directly. 
From the similar triangles, F^. 65, EKM 



imAE E R we have 


EE^ 


KB 


W=wt 


x + w th' 


Hence, 


y - 


< + 


Wheni 


= we havt 


!( = S 1 +i 


Thai 



p X 
tot X +w th'. 
is, the line of resistance is then parallel to the face of the 
wall, and coincides with the asymptote. 
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AKCHES. 

111. An arch is a structure of wedge shaped blocts, 
the extreme ones of which are confined between two sup- 
ports. It is usually curved in one direction and is then 
used to resist a pressure against its convex side. Its most 
common application is to cover a space as a room, or to 
serve as a bridge. In them it has to support its own 
weight in addition to what other load may eome on it. 
An arch may fail to do this in one of three ways, viz. : 
Ist. Its material may be crushed. 2d. Some portion of 
it may turn over upon others. 3d. Some portions of it 
may slide upon others. 

It is therefore first necessary to investigate the amount 
and direction of the forces which are acting in any arch. 
Knowing this, we can determine by Part II. whether the 
materials wiU crush. Then by the preceding formulas 
in Part III., whether any portion will turn over, and 
finally, by Part IV., whether any portion will slide. The 
condition of an arch, neglecting the adhesion of mortar, 
is analogous to that of a waU of imcemented blocks, Art. 
105. We have, consequently, to find the line of resist- 
ance, and then to determine its proper position, so that 
the arch shall be stable. 

To DETEEMINE THE LINE OF EESI8TANCE IK AN ABCH. 

112. Cotdomh's method. This method determines the 
line at its extreme limit, when the arch is just about to 
give way by overturning. An arch may do this in three 
ways. 1st. In ordinary cases it yields thus : It opens 
at the crown on the intrados, on each side of the crown 
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at the extrados, and at the spriug at the intrados, as shown 
Fie- 66- in Fig. 66. The points B 

and D' are caUed "points 
of ritptvre." At the mo- 
ment at which the equilib- 
rium is destroyed, the four 
parts into which the arch 

divides, touch each other 

**" ^ * (supposing them incom- 
pressible) only at the points A , D and D', and the groimd 
only at B and B'. If then we conceive these points 
joined by straight lines, and the weights of the four parts 
of the arch apphed at the points where the verticals 
passing through their centres of gravity meet these lin^, 
then these Hues represent the whole arch. We consider 
only a sHce of the arch equal to a unit of length. Call 
p = weight of one of the upper pieces, q = weight of 
one of the lower ones, and G and 6" their centres of gra- 
vity. l^QiD K^x,BT = x',BS =x",AL^DE = 
y, B E ^ y, and B Z ^ h. Since the two parts of the 
system £tre symmetrical on each side of A, we may re- 
place one of theae by a horizontal force t, acting alor^ 
A Z. We shall then have to consider only two bodies in 
equihbrium around the point B. Then the conditions of 
equilibrium, so that, there shall not be rotation in A, are 
t y= px. That there may not be rotation at B, we have 
th^^ p{x' -\- x) + q x". But equilibrium is not sufficient ; 
there must be an excess of stability, and we must have 

p{a^-\-x)-^qaf' greaterthan (< x A) =» -c— x h. 
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The first member of this mqiiality is determined by 
the form of the arch. The second will vary with the 
position of the point D. Among all possible rallies of the 
second member, the greatest one is that which concerns 
us, since it threatens most the stability of the arch. We 
have therefore to seek its maximum, since it is that which 
tends most to overturn the arch. In other words ; to 
determine whether the arCh will stand or fall, we must 
get the maximum moment of this thrusting force with 
respect to an extreme edge such as B, and also the 
moment of the entire semi-arch about that edge. If the 
latter moment be the greater, the arch will stand, and the 
greater its excess the greater wiH be its stabihty. The 
result of an analytical investigation is that the tangent 
to the curve of the intrados at the point of rupture, meets 
the horizontal drawn through the extrados at the key, in 
the vertical line passing through the centre of gravity of 
the part of the arch acting. Therefore to find the point 
of rapture, assume a point D for it, and at this point draw 
a tangent to the intrados meeting the horizontal line 
drawn through the top of the extrados. 

Find the centre of gravity of the part of the arch be- 
tween the point D and the crown. If the vertical passing 
through it and the other two lines meet in one point the 
point has been rightly taken. If not try again. The 
difficulty is the laborioos operation of finding the centre 
of grayity. It may be found in two ways, viz ; by trial, 
and by an approximate rule. 

By Trial. Cut the exact figure of the part under con- 
sideration from a piece of paste-board, and find its centre 
of gravity by trial. 
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B]f am/ Aj^oximaie Side. Divide 
D L into n. number of equal parts. 
Throng the poiata of divisioo, draw 
Terticals to the top of the arch. Call 
the extreme ordihiates a and a, and 
the other vertioal distances between 
the intrados and extrados, ( L e. the 
top of load) b. c. d. e. c, &o. Let 
tiie commcm distance betweea theirerticals = S. Then DK 
. o_+JS n — l)!t + 6(& + 2c + 3rf + 4e, Ac.) 
[a +« + 2 (i + c -»- d +, &e.)] 
If that part of the divisor in brackets be multiplied 
by \ 6, it Trill give the area of the portion DTAH^E" 
beiag the h%hest point of the load or 2) TA H when H 
is the hi^eet point. 

If the filling above the arch be lighter than tiie arch, 
its depth in our calculation for the centre of gravity, must 
be proportionally less. For example, if it be of earth of 
i the specific gravity of the masonry, consider it to be J 
as high as it really is. If the road -way be suppra^Bd by 
walls with empty spaces between them and they occupy ^ 
the width -of the bribes, call the filling^ ashi^ as it is. 
In semi-oircular arches the point of rapture, occurs from 
25° to 31° from the spring. In an arch with a ^an of 
66^- feefc., depth of key stone 3^, with a level roadway 
on top, the angle of rupture was 27°. In arches formed 
by segments of circles, in which the ratio of the rise to 
the span is less than .29 (which is the ratio of the versed 
sine to the chord of rupture in semi-circular arches) the 
point of rupture will be at the spring of the arch. In 
17 
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basket-handls arches the poiBt of rupture is generally 
so situated that the normal to the intrados at that point 
makes an angle of 45° with the vertical. The above data 
gives the position of the point of rupture approsimately' 
The portion of the arch below this point may be re- 
garded as part of the pier rather than of the arch. 

Second manner oj giving way. 
Fig. «8. By risu^ at the key, opening at the 

extrados at the key, and on the intra- 
dos, at the haunches, and at the outdde 
base of the piers, Fig. 68. In this case we 
i have to find the minimum moment of 
- the horizontal force at E, with respect 
to various interior et^es, such as S, and the moment of 
the whole semi arch, about the same interior edges. If 
the former exceed the latter the arch will stand, and vice 
versa. The investigation in this case, resembles that of 
the first, except that the points of rotation are changed. 
This occurs very rarely, and only when the lower parts 
of the arch, that is its haunches, are excessively loaded. 
Third manner of arciiea ^ving VMy. This is by an arch 
sinking at the key, and the pieces sliding on their bases. 
This will be examined in Part IT. 
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Mery's Graphic Method. 
Fig. 69. 113, The pressures acting on any joint I E, 
Fig. 69, of an arch, may be considered 
as having one resultant in some point 
P. The weight of the arch is kept in 
equihbrium by the reaction p of the 
joint, and by the horizontal thurst t, 
vhich acts at the summit of the arch. 
If similar points P" P" Ac, be obtained for all joinls, 
the curve formed by connecting them -will be the line of 
resistance. The line of resistance is determined as in the 
case of a ■wall. (See. art., 110.) 

We start with the horizontal thrust as in Coulomb's 
method, compounding this with the we%ht of the part of 
the arch above the joint in question, we obtain a resultant 
which will meet the joint in a point which will be in the 
line of resistance. So for all other joints. This line 
shows in what points and how the arch is in danger of 
giving way. Thtis, if the line of resistance be ^ ^ ^, 
the arch tends to open at D, S, and E. If the line of 
resistance be A' I B, the arch tends to open in A, E, and 
C. It is desirable that the line should pass as nearly as 
possible through the middle of the arch, bo that the pres- 
sure may be nearly equally distributed over the surface 
of the bed of each vonssoir. 

This is not absolutely necessary, but the following con- 
dition must be fulfilled ; To prevent the material of an 
arch from beii^ crushed, the line of resistance must al- 
ways pass so far from the nearest surface of the arch, 
whether intrados or extrados, that the portion of the 
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Btone mthin this distance shall be able to support safely 
two-thirds of the total pressure on the whole suijace of 
the stone. This takes place when the hue passes within 
one-third the thickness of Hhe arch from the intrados or 
estrados. The extreme pressure on the edge which it 
approaches, is then' t^uble the mean pressure on the en- 
tire bed, the other edge receiving none. We may then 
conceive the arch to be divided into three zones, the outer 
two of which shall satisfy the above conditions, and the 
middle one of which shall contain the line of resistance 
whatever variations in it may be caused by accidental 
loads or other pressurea In attempting to obtain this 
line, we meet with this difficulty. Wtf do not know at 
what point of the key the horizontal thrust is appUed. 
We must therefore try several. In a heavily proportioned 
arch, likely to open in the first mode, take the starting 
point above the middle of the key, for the line of pressure 
will then be there. It should not be taken nearer the top 
than one-third the depth, for the reasons just given. 

In a li^t arch, so loaded as to be in danger of rising 
ap at the crown, as in the second mode, and for a pointed 
arch, take the starting point at one-third the depth from 
the bottom of the keystone. If the lines thus obtained 
come too near the edge, try others until you find one that 
does come within the required conditions ; or find that 
the arch does not contain any such Hue, which indicates 
that such an arch would not be safe. The angle which 
the line of pressure makes with the joints wiE determine 
whether one stone will ehde on the other. (See table. 
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Part IV.) This, however, rarely happens and will be con- 
sidered in Part IV. 

A skew arch may be calculated by Mery's method, as 
if it were a right arch with a section equal to that parallel 
to the heads. The line of resistance should, however, 
come farther from the edge of the stones than in a right 
arch, in the ratio of 1 : cos. ai^le of skew ; or sec. angle 
of skew : 1. 

To det&rmine the Txst form for the inirados of an arch, t?ie 
span <md rise being givcTU 

The general principle is that the intrados should be 
parallel to the linear arch, which would correspond to 
the particular loading of the arch. Its own weight, must 
however, also be taken into account. "When an arch has 
to support only its own weight, as when it is only a roof, 
its curve should be a catenary. Then- the line of resis- 
tance on it would be a catenary, and everywhere parallel 
to the curve of the arch, and would therefore, pass through 
Fig. 70. its middle. When the arch sustains a 

,/ j load, uniformly distributed horizontally. 

P-^^*— 1^-^=::-— I 11^ ctirve should be paraboHc. For since 

]/ I >J its load is uniformly distributed, its resul- 

B tf tant bisects A x ; tlierefore, the tangent 

bisects j4 x; since these three forces acting, must meet in 
one point, therefore, the curve is a parabola. When the 
load acts vertically, and is distributed in any manner. Then 
the curve of equilibration is obtained thus : On a board, 
let a chain hang down, so os to have the requisite span 
and rise. This would be a catenary, and would be the 
proper curve for an unloaded arch. But when the arch is 
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Bnpportii^ a level roadway the weight will press more npon 
one part than upon another, hence, Buspend weights or 
pieces of chains from the large chain, and terminate them 
as far below the curve as the roadway is to be aboTe. This 
must be still farther modified when the arch and roadway 
are of different specific gravities. We must then so adjust 
the relative weights of the chain and the pieces hanging 
from it, that they shall be to each other in the same ratio 
as the stones of the arch bear to the load above them. An 
arch satisfying the above condition is in a state of perfect 
equihbrium; no one part having a tendency to yield before 
any other part. If in such an arch the joints are per- 
pendicular to the intrados then the line of pressure of the 
voussoirs, will be perpendicular to every point. An arch 
of equihbration with horizontal roadway, is found by cal- 
culation to have the following curve, suppose the arch to 
have 100 feet span and 40 feet rise. 

1 centre. Oorresponding ordliuttaL 



* 6.H 

10 6.ia 

15 8.13 

90 9.93 

26 19.49 

80 16.89 

36 2a07 

to as.89 

tf 36.13 

SO 46.00 

For general purposes a segmental arch is to be pre- 
ferred. The thrust of a segmental arch is the same as the 
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thiuat of a Bemicircvilax axcli of the same radius, ^hea 
the segment is not less than the arc between the points 
of rupture, and nearly so when leas. For a moderate 
^an an arc of 60°, or one in which the span equals the 
radius, is much used in France. Its rise is two-fifteenths 
span. Another tayorite French form is one in which the 
rise is one-third the spaa. They call it " Surbaisse au 
tiers." 

In badiet-handle arches the rise should be between 
one-third and one-fourth span, approaching the former 
for small spans and the latter for large spans. Semicir- 
cular arches are very common, but not very advisable. 

To DETEBfflNE THE BXTfiADOS OP AN ARCH, THE INTHAD08 

BEING GIVEN. 

Thickness (f crown, or depth of keystone. 

115. Thus far the thickness of the arch has been 
assumed to be known. The depth at the keystone is 
usually at first determined empyricaUy. 

Perronet's formula is, .035 span + 1 foot = ^ span -|- 
1 foot. This gives too much for great arches. 

Dejardin's formula. For semicircular arches, r being 
the radius of intrados, depth at key = .1 r -|- 1 foot. For 
a segmental arch, oomprisii^ 60'^, this=T-STr r+1 foot, = 
,V »" i- 1 foot- For a segemental atch of 40°, this == ygij- 
r -I- 1 foot = -^ r -1- 1 foot. For equilateral pointed 
arches {r = span) thickness = -^^ r + 1 foot, which is 
the same as for a s^mental arch of 60°. 

Ellet's formula is, thickaess at crown = f V span. 

I^utwine proposes to use for thickness at the crown 
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for arches of the best cut stone, ,Vt)- ^ radius at crown. 
For second clas8 work, yV V rad. at crown. Forrubble, 
or brick work, -^"u V rad. at crown. 

Barlow's formula. He would make the depth, in a 
somicircular arch ~ ^ r. The material will greatly effect 
the decision aa to thickneaa of keystone. 

Rantine's formula, for depth of keystone in feet is, -^^ 
^ rad. at crown, for a single arch ; or, tVo- "^ ^^^- f^ 
crown for a series of arches. For example, the Dora 
Bridge, 160' radius depth at crown, by calculation 4.38; 
actual depth 4.9 feet. The Chester Bridge, 140' radius, 
depth by calculation 4.1 feet, actual depth 4 feet. 



ToBe of depth of hey, octwtRy 


and by 


"ahulaUon. 








Actnal 


Depth 


By 


ByDe- 


Name of Bridge. 


Span. 


Rise. 


depth o: 


by Per- 


























lormulft. 






NeuiUy, 


127 


311-2 


6.2 


5.3 


4.1 


7.3 


Chester- 


200 


42 


4. 


7.9 


6.3 


11. 




147 


18 W 


49 
4.6 


6.1 
6.6 


4.6 

4.7 


B.3 
9. 


Victoria. 


MaiaBii-liead,t 


128 


24 


5.2 


5.4 


4.2 


7.4 




68 


8.2 


4.4 


3.27 


3.1 


4.4 






31-2 




1.34 


1.18 


1.6 


Do. 


18 


6 


1.5 


1.6 


1.6 






30 


12 




a. 


2. 




Do, 


50 


16 


2.5 


2.7 







* SegmentaL 



t ElliplioaL 



Thickne-ss of the arch at other points. 
116. The pressure increases from crown to spring. The 
thickness should increase accordingly. An approximate 



byGoogle 



ENQINEEMNa STAnCB. 137 

rule is this ; the thickaees of the arch at any joint should = 
its thickness at the key x sec, (or-^by co3.) of the angte 
which that joint makes with the vertical. The arch truly 
so called, does not extend below the joint which makes 
an angle of 6(P with the vertieal. The thickness at that 



The dimensions of the parts below that point, are deter- 
mined as mider the next head. 

Rfmddets graphic amstmction of the extrados. 
Fig. 71. ThroTigh the spring A, draw an indefinite 
vertical line. Prolong the vertical radius 
B 0, making CIi= h B C. Then with a 
radius D E describe an arc, cutting the ver- 
tical first drawn in i''. E F will be the ex- 
I u trades required. This construction is much 

used by architects in France. It, however, increases the 
volume of the arch and abutment, without increasing its 
stabihty. Yet ia one of the best of the mere empyrical rules. 
Tables have been calculated, giving the thrust and proper 
dimensions of arches of the moat usual forms. See Mose- 
ley's Mechanics of Engineers; and Captain Woodbury's 
Stability of Arches. 

Dimensions of Piers. 

117- Knowing the horizontal thrust of the arch, and 

the leverage, the stabihty can be determined by the 

principles of engineering statics. The horizontal thrust 

being supposed to be appHed at the point of rupture. 
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The thickness thus obtained ia that of mere equilibriiaio. 
It is usual to multiply the thickness thus obtained by a 
coefficient of from 1.25 to 1.40, -which is equivalent to 
increasing tho stability in a ratio = the square of these 
numbers, viz ; 1.56 to 1.96. The following table gives 
suitable dimensions for semicircular arches. In this tie 
spandrils are supposed to be filled up level and to have a 
level roadway, and over all a pavement sixteen inches 
thick. 



Spea 


Thickness 
at kef. 


TIiickpesB 
ftt Bpiing. 




At ten 
feet high. 


At twenty 
feet high. 


5 

10 
16 
20 
25 
30 

60 
100 


1.25 
1.40 

1.60 
1.80 
1.96 
2.10 
2.60 
2.80 
4.50 


1.4 
1.7 

2.1 
2.5 
3.0 
3.6 
48 
5.9 
10.7 


2.6 

as 

4.1 
4.8 
E.5 
6.3 
7.6 
8.6 
116 


3.9 
4.2 
4.8 
6.8 
S.6 
7.5 
9.1 
10.4 

ie.0 



The foUomng table gives very safe dimensions : 
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Telford 's Highland Bridges. 



span of arch 


Hiae. 


Depth of 
key stone. 


Height of 
abntmenl. 


Thickness of 


4 


1.6 


1.0 


2.6 


1. 6 


6 


2.0 




2.6 


2.0 


S 




1.2 


2.6 




10 


3.6 




3.0 


2.6 


12 


4.0 


1.4 


3.0 


3.0 


18 


6.0 




3.0 


4.6 


24 




1.9 


4.0 


5.0 


30 




2.0 


4-0 


5,6 


50 




a.6 


6.0 


6.6 



118. Brick segmental arches. 



Span. 


Rise. 


Depth of key. 


Thickness of 
abntment at top. 


10 
20 
30 
40 


3. 
6. 

9. 
11. 2B 


1.2 
1.5 

1.9 
3.35 


3.0 

3. 

4.2 
5.6 



Abutment batter one-foiirth inch to one foot. 

For piers of bridges which have an atch on each side, 
and hence do not sustain any thrust, the usual thickness is 
two and one-half times the depth of the key stone of the 
arch. 

The comparative thmsts' of various forms of arches 
are in the following table ; 
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Pointed 
atches. 


Semi- 


Arch 
lowered 
tol^. 


Arch 
lowered 
tol-e. 


Arch 
to l-IO. 


Plato 
band. 


ThrostB, 

ThicluieEs of 1 
piers ( 


.49 
.70 


1. 
1. 


1.39 
1.18 


1.82 
1.36 


1.91 

1.39 


1.96 
1.43 



The thickness of the piers varies as the square root of 
the thrust, since the tliicknesa enters twice as a factor of 
their resistance. 
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STABILITT OF PKICTION, OB HESISTANCE TO SLIDINa. 
Genercd Laws of Friction. 

1. It is directly proportioned to the presstire. 

2. It is independent of the extent of the surface. 

3. It depends on the kind of surface. 

4. It is independent of the velocity. 

Recent experiments indicate, that it increases faster 
than the pressure, when that is so great as to produce 
abrasion, and that it increases somewhat with the surface. 



'i of Friction. 

120. This ia that fractional part of the pressure which 
resista motion, and which is expressed by/". 



lAmiting Angle of h 
121. When one body rests on another, any force how- 
ever small, acting on the former, will cause it to slide, if 
the direction of this force make^an angle with the per- 
pendicular to the surface of contact, greater than a cer- 
tain angle, depending on the nature of the surface. If 
the direction of the force makes an angle with the per- 
pendicular to the surface, less than this same angle, the 
body will not sHde however great the force. In most 
practical c^es the direction of the effective force wiU be 
the resultant of the externally applied force and the weight 
of the body. 
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The " coe^dent of friction" is the tangent of the hmiting 

angle of resistance. Let P, Fig. 72, be a foree actii^ on 

Fig- '!2- any particle W. Decompose P Winio A 

\—:A"'' W sxA WV. Then W V denotes the 

'•"'^ — 1^— pressure on the plane, and A W the force 
tending to move particle along. Let the angle P W V= 
a. Then the pressiife on the plane W V = P cos. a. 
Resistance of friction =fxP cos. a. Pressure tending 
to move the particle = A W = P sin. a. When motion 
is Just ready to ensue, these must bo equal, that is/ x P 
COS. a = Pfiin.a, Whence,/ ^ ^ ^^^- '^. — tan. a. The 

" Hmiting angle of resistance " we will call <p. We wHl 
then have/ =t»n, <p. The cone of resistance is a conical 
surface, generated by a line passing around the perpen- 
diculai' to the surface of contact, and making with it an 
angle equal to the limiting angle of resistance. 

AnfjlL of lepose 
122. If a body rests on ^n mthned pUnc, the tngle 
which this plane makes with the hoiizon, when the body 
is jnst about to sHde, is called tlie " angle of lepose " It 
equals ?>, or the Hmitmg angle of resistance whose t<in.—/. 
The angle of repose of earth is the same as the natural 
slope of the earth. The greater the h-iction, the greater 
is (p, of which it is the tangent, and hence tho more may 
the plane be inclined before the body will sHp on it. 
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Demonstration that the angle of Repose equals the limiting 

angle of resistance. Fig. 73. 

F 0:F E: . B C : AC or :: A B X ^.a: A B x cos. 



Fig. 73. 



: : Bin. a : cos. a .' 



FO 
' F E' 



tan. a. When the body is just about to 



A tan. a ; but / is also the tangent of the 
limi ting angle of resistance, hence, that angle equals the 
angle of repose, i. e., a=^ <p. 



Tahle of coeffidenla of friction and limiting angles of re- 
sistance. 





/■ 


.. 


Dry maaonry and briofe work, 


.Gto.7 

.74 

.4 

.7 to .3 

.Bio:a 

.6 to .2 

.25 to. 16 

.51 

.33 

.38 to. 75 

1. 

.31 

.81 to 1.11 


36° 1-2 

22° 

35° to 16° 2-3 

36»1.2 to ll°l-3 

31" to 11° 1-3 . 

14" to 8° 1-2 

27° 

18° 1.4, 

21° to 37° 

45° 

17» 

39„ to 48^ 


















ii 


Dry Band and clay and mixed 
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Structures of wncemenied Blocks. 

123. If the resultant, as obtained for any joint by Art. 
110, makes an angle ■with the perpendicular to the surtacti 
of contact, greater than the limitir^ angle of resistance 
for that surface, then the wall will give way by that stone 
sUding on the one below it, however small the pressure of 
the resultant. The line of resistance is continually ap- 
proaching the vertical, henee the tendency to ^de is con- 
tinually diminishing in descending through the structure. 

Idne of Pressure, 

124. The line of resistance is obtained (as shown in 
Part III) by joining the points at which the joints meet 
the resultants of the externally applied force. Now let 
the resultants be produced indefinitely they will meet in a 
series of points. The curved line passing through these 
points is called by Moseley the "Line of Pressure." All the 
resultants are tangent to it. Then to determine whether 
the structure will shde at any joint, draw from the poiat 
where the " line of resistance" intersects the joint, a 
tangent to the " line of pressure." The angle which this 
line makes with the joint, wiU determine whether the 
wall wiU shde at that joint or not, according as the 
angle he more or less than the " limiting angle of resist- 
ance." The whole theory of equiHbrium of any structure, 
depends on these two lines. (See "Woodbury on the Arch.) 

The " line of resistance" determines the point of applica- 
tion of the resultant of the pressure on each surface of 
contact, and the " line of pressure" determines the direc- 
tion of that resultant. The arch is only one form of the 
wall before mentioned. 
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Piks Supported by Friction. 
125. Let R = resistance Trhich the earth opposes to 
the sinkmg of a pile during its sinMi^ ; s = space the 
pile is sunken by one blow of the ram. Then neglecting 
the elasticity and assuming B constant during s, we have 
.J!^ xh=Bs-(w + w-)8, whence, i;=^^, x^ 

W + W W + W 8 

+ w + w'. Neglecting w and w* as very smaU when 
compared with B, and we have approximately 

to + vr s w) s 

^ Hence, we infer that the dead weight which a pile will 
bear is directly as h, and inversely as a, and directly as 

w 
^f"Tf~^ or nearly as to. For a permanent load from one- 

w 
fifth to one-tenth of the value of B is used. 

For another formula see Eankine's Applied Mechanics, 
p. 565. Airy's formula, modified by Bankine, is this : Let 
B, S, h, w, mesa as before, let e = modulus of elasticity 
for the material of the pile. Tables of its value are given 
in Part II. Let a = area of the head of the pile, I = i 
its length 

T> / f^e awh , / 6 a s VT ea a 

The factor of safety is from 3 to 10, 

Mc Alpine's formula is : extreme supporting power =P 
= 80{W+ .228 V F—1). In which W = weight of 
ram in tons, and i** = fall in feet. 
Id 
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